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SUMMARY

This note gives a theoretical analysis of ignition due to self-heating
in a plane slab with one face exposed to a constant heat flux and with the
other face maintained at a constant temperature. The results are applicable
to practical situations such as the ignition of panels by nearby flue pipes
and the ignition of thick layers of combustible dust on enclosed electirical

equipment.
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IGNITION DUE TO SELF-HEATING IN A PLANE SLAB WITH
A CONSTANT HEAT FLUX ON ONE FACE

by

P C Bowes

INTRODUCTION

A mumber of practical examples of ignition due to self-hedting occur in slabs
or layers of material with one face exposed to a source of heat and with the
other face losing heat to cooler surroundings. Commonly, the face exposed to
the heat source will either receive a constant flux or be maintained at a

constant elevated temperature.

Frank-Kamenetskii's 'stationary state' model of thermal explosion1 has been
extended to systems of the above kind although with greater attention being paid
to those with a constant temperature at the hot face. For this particular
boundary condition, theoretical results are available for plane slabs® and for
thick c:;ylindrical3"5 and spherical shells5 (with hot inner faces) and they have
been applied to the analysis of experimental observations of the ignifioq of dust

6

layers on hot surfaces” and of cil-scaked lagging on hot pipes7.

Theoretical results for the slab exposed to a constant flux have been
obtained by Clemmow & Huffingtons, both in forms capable of high accuracy but
requiring considerable computation and in a more easily used form (their method 3)
involving an approximation for the Arrhenius relationship akin to
Frank-Kamenetskii's well-known approximation. However, their analysis is in terms
of parameters which are not related in a simple way to those which have become
conventional in thermal explosion theory and it has been pointed out? that, at
least for the case of the plane slab with one face at a constant high temperature,
their approximation gives considerably less accurate results than a straight-
forward application of the Frank-Kamenetskii approximation with an.appropriate

choice of reference temperature.

This note presents the analysis for the constant flux problem using the
Frank-Kamenetskii approximation and the conventional parameters. The results are
related to those of associated problems and are used to predict ignition in a
wood-based material under some practical conditions of exposure to a constant

heat flux.
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FI1G.1. PLANE SLAB EXPOSED TO CONSTANT HEAT FLUX

Consider a plane slab, as Fig.1, of thickness 2r {for conformity with earlier
ana.lyses) with a heat flux F incident on one face at > =¢ and with the other
face, at-d =2PF , in perfect contact with a heat sink at a constant temperature Tg .
Heat, losses :in the negative direction at X =0 will be assumed initially to be

Zero.

Let heat be generated in the solid by a chemical reaction whose rate depends

on temperatufe in accordance with the Arrhenius equation (rate o¢ exp(E/RT)) and
does not dépend ‘on time. Then, if steady state temperature distributions can
 exist within-fhe slab, they will be given, for heat transfer by conduction, by

solutions of the following equation:

2
ANET . - gq(T) G
o x
where
T = temperature in plane at distance X from the exposed face
A = +thermal conductivity of solid

q(T): rate of heat generation per unit volume at temperature T
and is given by:
-E/RT

q(T)= pQAC



where

density of solid

tl

heat of reaction per unit mass

fl

pre-exponential factor of Arrhenius equation

tactivation energy' in Arrhenius equation

DM O D
|

= universal gas constant.

The boundary conditions for steady states are:

at x=0 , .
29T - F
clx
and, at Xs2r ,
T =T

The surface temperature T,, y at =0 , is a dependent variable in this

proklem.

In deriving solutions for equation (1) it is convenient to introduce the
Frank-Kamentskii approximation to the exponential in the heat generation term
immediately, choosing the dependent variable T? ‘as reference temperature, and

to defer justification until later.

The approximation is

-1 .
=T,
_.?'._E.__E..._l.l-:r_ﬂ. z__E_.g.e (2)
RT R'T} Tp . RT,

where

E ' ’
= —_ \T 7T . . . e e
9 RTPZ( P) . . [ S A

O is the well-known dimensionless temperature but is not a physically' ineé.nihgful
dependent variable in this protlem unless T and 'T;, are measured from a given

temperature. We therefore introduce a new dependent variable, ¥ , déf‘ine& as

Y = G,-86
where .
_ E
8, = R (Ts-73)
and, therefore,
E
= — T T




With the above approximation, and putting % =x/r, equation (1) can be

written in the dimensionless form

il

,21? Dc_w (3)

where
, SeéL

Y
n

and b y the Frank-Kamenetskii self-heating parameter, has the usual form

— E/RT;
S' - —E—- -r‘l’. ‘EQA e g
R A
The boundary conditions become:
at X=o0,
—Sﬁ:z =3 (41)
where = ' )
' E Fr
: @ = . »
RT,Y A
and, at x =2 ,
Yy =0 (4ii)

We also have, by definition, ¥ =8, at 2=0 .,

In accordance with the Frank-Kamenetskii thermal explosion model we seek
maximum values of the parameter D in solutions of equation (3) satisfying the
boundary conditions (4i) and (4ii) and, thence, sets of values of the parameters
$: ® and @, which, by hypothesis, comprise limiting conditions for the
existence of steady states ;nd, a fcriiori, critical conditions for explosion or
ignition.

The solution of eguation (3) subject to conditions (4i) and (4ii) is as

follows:

w/2 !
= _t. - o Z -
e = = cogh [cosl- a + a/25( 2 ')J (5)
where
2 - &
0.2 = i + & °




At 2 z0 , equation (5) gives
- - 6/2
J2p = ?’: [ cosh ‘o — cosh I'(cv.e )J (6)

For a given value c¢f & , D will be a maximum with respect to 8, when
dD/df, = 0 . Whence, from equation (6) and the definition of @ it is found

that D is a maximum when

/2D = —t 4 MM (7)

at -

where
8./2
Mms= e

It follows from the definition of P that

oD | eg‘(S + 48
db, ot 8,

Hence &D/d6, and d3/d6, cannot be zero together and, when D is a maximum,
$ assumes a highest value which is not itself a maximum as in other problems

where & is defined in terms of an independent rather than a dependent temperature

Eliminating D between equations (6) and (7) and expressing the inverse

hyperbolic functions in their logarithmic forms, we have

/2.
a+J/a /! = 2 __ + am Jam - (8)
am + Jarm*t - Ja*r -

Equations (8) and (6) may be used to calculate maximum values of D and,

In

thence, associated values of ¥ and &, - both as functions of & . These
values of & are the required critical values (which will be denoted 8, ) and
with the associated values of 6, co'rreSpond to the highest rates of heat
generation and the highest temperature differences possible without ignition with
fluxes corresponding to the associated values of ¢ incident on slabs of

thickness 2r and with the unexposed surfaces at temperature Tg .

Limiting cases

It follows from the definition of a +that, whend =0, ie when the incident

flux is zero,



Then, from equations (6) and (7),

a = Cosh ———— = l8lo2.., (9)

It follows, then, that

€

O0,=-119 and 4D = L B,e° = 088

These are the values obtained by Frank—Kamene‘tskii1 for the symmetrically
heated slab, ie with a constant temperature on both faces and d7/dx =0 at the
mid-plane. Thus,at P =0, the ignition condition for the asymmetrically heated
slab reduces to that for one half of the symmetrically heated slab - as is to be
expected. The value of &, , as defined here in terms of T, and with ¥

equal to one quarter of the thickness of the symmetrically heated slab, is 0.72.
When the rate of heat generation approaches zero and, therefore, S‘r_ -0

equation (6) approaches

-8 =29 (10)

or

N
Fer—5

which is, of course, the equation for steady heat conduction in an inert slabl.

It may be noted further that, when P =0 and AM =1 | equation (6)

becomes
-6 -8,/2
cosh™’ (e /2) = Jad e ’
or
~-8/2 -
he + JSa % )=,./2Sc
~-82
For e S ( & veing negative) this reduces to
a 2
[ 9 g
2

This is the result obtained elsewhere® for the ignition of plane slabs with

one face maintained at a constant high temperature and with the condition for



criticality taken as A6 [dx =0 at the hot face, which is an approximation wvalid
for large values of 18,/ . However, equation (11) represents limiting steady
states which, except for that where 8,= —1.19, are excluded by the criticality
condition appropriate here, ie equation (7). These states, except the one, are

obviously physically inaccessible in the constant flux problem when ¢ =0 ,

Introducing & defined as E.('T',,,—-T,‘...)/R-rsa , 8, defined in terms of Ts
instead of Tp (and denoted by B.{Ts) ) is given by

5,(T,) = 9,¢”

From equation (11), we then have, for & > 1,

2

-6
8.(T) = b e /8 (12)

Thus solutions of equation (11), which correspond to the upper branch of
solutions of equation (12), are seen to be analogous to the known unstable steady
states of the symmetrically heated slab which, for the Semenov model, are given

accurately by the uppef branch of the equation

$.(T:) = 6, e %

This analogy is of interest here but is not, of course, sufficient to
establish the instability of states represented by solutions of equation (11) in

this problem. This is outside the scope of the present paper.

Numerical values

Selected values of O, 6, and @ calculated from equations (6) and (8)
are given in Table 1 for ranges of practical interest and 3,_ and 9,,' are

plotted in Fig.2 ‘as functions of &

Mthough not readily deduced from the analysis, it will be seen from Fig.2
that 9. and 8, vary almost linearly with @ over the ranges covered.

Empirical equations calculated for the substantially linear ranges are

.= 0614 + 0-489 & (13)

[



Table 1

Selected values of critical parameters

) 3. 6,
0.4201 0.8892 =2
2.459 1.813 -6
3.469 2.298 -8
5-479 3.282 -12
for
AL € P £ 8-486
and
90 = -(1-120 + J-q87@) (14)
for

0934 P < 8- 486

In the region where these linear relationships apply, we may write

B, = 0:338 —0-246 6, (15)
Errors are less than 2% within the indicated ranges of 4) ; they are
greatest at =0 , where the error is 18% for 8, and 7% for 6, .

o

Comparing equation {14) with equation (10) it will be seen that the critical
temperature increase for the self-heating slab exposed to a constant flux is
approximately equal to the sum of the critical temperature increase for the
symmetrically heated slab (8, = - 1.19) and the temperature difference which

would be established across the slab by the incident flux if the slab were

inert (O, = -23 ).




Comparison with Clemmow and Huffington ard accuracy of results

The relationships between the parameters ¢, , l and h wused by Clemmow

and Huffing'bon8 and those used here are as follows:

- T
¢°"——.‘—-Ts£"90
. _e
- 823, e
Ts
h =2 12 &
T 1

When the critical temperature rise (7}-—73 ) is small, the ratio'T}/‘G
may be taken as unity but, otherwise, the relationship between the numerical
results of the two systems will depend on Tp /7} and will vary from one problem
to another. This situation arises from the different approximations used for the

Arrhenius term in equation (1).

The accuracy of the different approximations has already been discussed2 in
connection with their application to the problem of the slab with one face at a
constant high temperature. It is necessary here to cover some of this ground .
again because, as will be seen, the conclusions for the constant flux problem

are slightly different.

As stated earlier, the approximation used here is Frark-Kamenetskii's,

namely

exp(-e/RT) = Q«P(—E/RT-P).%,:[E.(T-T,)/RTP"] . (16)

and, based as it is on truncation of a binomial expansion of the form (1 + n)'1

where n ¢ 1, it is valid strictly only for (T~ Tp )/7p &I .

Physically, the use of this approximation in the problem of the rlane slab
with one face at a constant high temperature2 wag justified on the grounds that
the approximation was good in the neighbourhood of 1} where the rate cof heat
generation was high and, in problems of practical interest for which values of
RT,/E tended to be small, the rate of heat generation decreased rapidly with
decreasing temperature and tecame negligible towards the cool face of the slab
where, of course, the approximation was most seriocusly in error. It was then
possible to show, from series integration of the exact equation (1) for fixed

temperature at the hot and cool faces, that the error in & introduced ty the




approximation was less than about 9% for RT, /E = 0,04 (a typical value in

practical applications).

An error of this magnitude, which is only about twice that arising from
the use of the Frank-Kamenetskii approximation for symmetrical heating, is quite
acéeptable - corresponding in practice to an error of about 1K in estimates of

critical temperature and about 5% in critical size.

The approximation used by Clemmow and Huffington is given in the present

notation by

e:«-p(— E/RT) o e.oc.p(— E./RT,) -Pm.p[ E(T-—‘l:,)/RTsT,,]

»

which can be re-written as
exp (-£/RT) 2 enp (-E/RT,) exp | £(7=T) [RT.T, | (17)

With this modified Clemmew and Euffington approximation, 'S‘ becomes

_ E_.p? &Q-E/RT’
€ R T A

Approximation (17) is exact at both T, and T, . It follows from
equation (15) that

V.o B, for B, >

and accordingly, approximations (16) and {(17) tend here to be almost equally
satisfactory in p;r-actioa.l applications, This is unlike the case of the plane

slab with one face at a constant high temperature {equation 11) where we have
2
Sc C 90 for 6 »i

In this case, as has been pointed out elsewhere®

, estimates of, for example,
heat production from the model using approximation (17) will tend to be too large
by a factor of T, /'I':s . LEstimates of critical size will tend to be too large by

JT,, /T, - In practical cases, To/Ts can be as large as 2.

Because, again, for the case of constant flux, ¥, tends to depend on 8,

2
rather than on &, we may expect the error in Sc arising from the use of the

10



Frark-Kamentskii approximation to tend towards half the value of 9% estimated

for the case of constant tempEraturez.

The model is otherwise subject to limitations arising from the usual
assumptions of inexhaustible reactant and of physical éonstants independent of
temperature. With large temperature gradients in the slab at criticality, these
limitations may be more severe than for the case with symmetrical heating but,
at present, there is no available analysis of their magnitude. For the time being

their effect will be ignored — as elsewhere®— !,
APPLICATIONS
General

In most real situations, the above model will represent only the kernel of
the problem. Generally there will be heat losses at a finite rate by radiation
and convection from both surfaces of the slab to cool surroundings; Use of the
model then requires the internal and external heat transfer rates to be matched

at the surfaces of the slab. This can readily be effected by trial and error.

Given finite heat loases from the cool face of a slab, two different
practical situations can be envisaged, The first, with zefq heat loss from the
heated face and, the second, with finite heat loss from the heated face. The
first will correspond to a continuous source of heat in an enclosure covered by
a combustible layer on the outside, such as a large electric motor (with a smooth
surface) covered with a thick layer of sawdust in a sawmill., The second will
apply to examples such as a combustible panel exposed to a hoi flue pipe. Some
calculations for typical cases are given below using data obitained elsewhere6’4
for ignition of wood fibre insulating board - which has been chosen as a wood-based
material having self-heating properties of practical significance at elevated

temperatures.
Jata

The constants‘gbverning heat generation in the wood-fibre insulating board,

and values for- thermal conductivity and density are as follows?:

PAA = .45 x 10'" wim3
E/JR = 12650K
A = EOxtgz w/mK

Ve 270 hg/ m3

11




whence, from the definition of &_ and 8, , we have

20 2 "’253-0/-’-;;

S = 365%x10 I e (18)
c TPZ
p = 132850 (1,-T,) (19)
T

Criticality with zero heat loss at heated face of slab

The solution of problems in this class consists of equating the internal
heat flux at the cool surface of the slab at criticality with the heat loss to
the surroundings. Using equation (5) to determine d¢/fdx at =2 | the

critical internal flux at the cool face is given by the following eguation:

_Az_l' = _)?\‘_.E_g:/é‘-p-:zs‘:(.--eB‘T (20)

This equation can be simplified in the cbvious way when 181 31 .

For comparison with experimental results obtained for ignition of slabs of
wood=fibre insulating board on a horizontal hot surface at constant temperatureé,
we use the appropriate expression for the rate of heat loss by natural convection
and radiation from a horizontal surface facing upwards in air?. Whence we have,

at the cool surface (SI units):

-5

1 ,
-8
22T . 132 (- T) . s95x00 e, (T-T) (21)
dast 02¥
L
where
L = diameter of slab (m)
T, = temperature of surroundings (K) (ambient temperature)
€, ,€, = emissivities of surface of slab and surro'undings respectively.

Application to a given problem then involves solution of the set of
simultaneous equations (18), (19), (20), (21), (13) and (14) or, where & is
too small for equations (13) and (14) to be used, equations (6) and (8).

A convenient procedure for use with a desk calculator, given a slab of
thickness 2r and a given ambient temperature, is to assume a value for T, and
find a value for T, by trial which will allow equations (15), (18) and (19) to
be satisfied simultanecusly. Then, with the corresponding value for @ obtained

from either of equations (13) and (14), the chosen value of T, is tested in

i2



equations (20) and (21). This process is repeated until equations (20) and (21)

can be satisfied simultanecusly.
Solutions for slabs of wood-fibre insulating beoard of two fthicknesses and

an ambient temperature of 25°C are given in Table 2. The emissivity of the wood

fibre insulating board has been taken as 0.9 and that of the surroundings as

unity.
Table 2
Computed critical data for ignition of horizontal plane‘slébs
of wood-fibre insulating board exposed to a constant
heat flux on the underside and to surroundings at 25°C

Thickness Ambient ) Critical| Hot surface{Cool surface
of slab |temperature 60 S c Cb flux temperature| temperature

mm o W/m? oC “og

14 25 - 8.05(2.3213.49 547 253 76

41 25 - 8.91)2.53]3.92 176 208 44

Figure 3 compares the critical {emperature distribution (sketched) for
ignition of the 41 mm slab of wéod—fibre insulating board exposed to a constant
flux with the temperature distribution for ignition under conditions of constant
temperature at the hot face — for which the indicated hot face temperature isg |

the value found experlmentally.

13



HOT FACE COOL FACE

TEMPERATURE TEMPERATURE
¢ o
CONSTANT TEMPERATURE 205 In
AT HOT FACE* T
\\
N
\
CONSTANT FLUX ' - | \
AT HOT FACE- 208 1 \ AMBIENT TEMPERATURE
176 W/m2 N \ 259
\
. AS
CONSTANT FLUX' _ N\
ON INERT SLAB 187 + v
G G [ D . ~ _
176 W/m - ~ . \\ . )
' : ~oW Y 49 HEAT 1oSS, 265 W/m
\.\\ 2
4 44 HEAT LOSS, 200 W/m
(including generated
heat )
“— 41 mm —

‘FiG.s. COMPARISON OF CRITICAL TEMPERATURE DISTRIBUTION
SR IEY S IN ‘41 MM SLAB OF WOOD-FIBRE INSULATING BOARD
POR TWO MODES OF SELF-IGNITION

*Note that temperature gradient here is actually positive at the hot face
and a small temperature maximum occurs close to the hot face when 6,

is large.

The critical temperature rise under constant flux conditions is 21°C higher
than for the inert slab and, as indicated earlier, is comparable with the
critical temperature rise for a symmetrically heated slab. Under constant
temperature conditions at the hot face where, effectively, the system is
stabilised by contact with an infinite isothermal reservoir, this critical

temperature rise can be, and indeed is, considerably higher.

Criticality with finite heat loss from the heated face of the slab

Lawson et all® have evaluated configuration factors for the radiant heating
of vertical plane panels exposed to hot wvertical flue pipes of circular section

and any length. It is convenient to use this arrangement as an example, but it

14




will be necessary to assume that the lack of uniformity of temperature in the
plane of the panel can be ignored and that criticality can be expressed in terms
of the thermal equilibrium along the line of nearest approach of the panel to the

¢ylindrical pipe.

Assuming that the panel is large enough for turbulent convective heat

transfer? at the hot face, the thermal equilibrium at criticality can be writien

as
-8
- )\:(.‘—T = 575 x10 [P ¢ e, (T-5') ~(1-P)ee, (7o'-%5*)]
pld ’
— "33 2
- 1-31(Te - l,) w/m (22)
where 45 = ccnfiguration factor at panel along line of nearest approach
to pipe
1; = temperature of flue pipe surface (K)
€, = emissivity of flue pipe surface

The convective heat loss from the cool face of a large vertical panel differs
by only about 18% from the convective loss calculated above for the small
horizontal slahbs., Therefore for illustrative purposes, the data in Table 2 may be

matched directly to equation (22) with little error.

Taking the emissivity of the pipe surface as unity and, as an example, a -
value of 0,5 for the configuration factor, wvalues of the pipe temperature;'1} "y
necessary to give nett fluxes on the panel equal to those in Table 2 may be
calculated as 424°C for the .14 mm panel and 343°C for the 41 mm panel. The actual
incident fluxes will then be 4.1 kW/m2 for the 14 mm and 2.3 kW/m? for the 41 mm
panel. The excess over the values in Table 2 corresponds to the comvective and

radiative heat losses from the hot face of the panel.

A configuration factor of 0.5 corresponds, for a long pipe, to a pipe with
its axis at a distance of one diameter from the panelj in particular, for a pipe
of 100 mm diameter, the shortest distance between the surface of the pipe and the

panel for safety will be 50 mm.
DISCUSSION

Applied to the problem of thermal explosion in a plane slab with one face

exposed to a constant flux, a modified Clemmow and Huffington approximation and

15



the Frank-Kamenetskii approximation are almost equally accurate. This is contrary
to the result obtained when these approximations are applied to the 'constant
temperature' problem — where the latter approximation is markedly superior.
However, use of the Frank-Kamenetskii approximatioﬁris preferable in that it yields
solutions to the 'constant flux' problems which are of considerable simplicity in
a region of practical utility and, at the same time, provides deeper insight into

the physical significance of these solutions.

The numerical estimates of critical ignition conditions for wood-fibre
insulating board need experimental confirmation but, for the time being, may be
accepted as reasonably sound for practical purposes - especially as they are tased

on experimental data obtained under asymmetrical conditions of heating.

The 'steady state' model, of course, provides no estimates of times to
ignition. However, experimental observations indicate that for the range of
dimensibns considered these times will be of the order of from 3 h to several

hours.

The incident fiux required for ignition of wood-fibre insulating board by
gself~heating, and in the presence of heat losses from the exposed face, is at
least an order of magnitude lower than the minimum intensities, about 40 kw/mz,
observed by Simms for spontaneous ignition under similar conditions'!™13 with the
production of flames within short periods (25 s or so). This spontanecus ignition
occurred in the volatile thermal decomposition products. Under these conditions
of relatively high flux and rapid heating, experimental resulis were correlated
adequately by a theoretical model which regarded the exposed material as a semi-
infinite solid and related ignition times to the attainment of a certain surface
temperature — namely, about 500°C for the spontaneous production of flame. It
was possible to ignore the contribution of self-heating within the material, if
it occurred at all under these conditions of exposure. Clearly there will be a
region, hetween the extremes represented by the pure self-heating case considqred
in the present paper and the rapid heating case studied by Simms, where a more
comprehensive model will be needed. Such a model will be considerably more complex
than either since it will need to take account of the kinetics and thermal effects
of pyrolysis, including diffusion and changes of properties, in addition to
oxidative self-heating in both_the solid and gas phases.

It may be estimated that, for the ignition of wood-based materials, the heat

generation is only a small fraction of the incident flux required for ignition and,

* Together with the conventional variables

16



in any experimental study, will be difficult to measure. Thus, the heat due to
reaction in the slab which leaves the cool face at criticality is the difference
tetween the heat loss to the surroundings at the cocl face and the nett flux
absorbed at the exposed face. For the 41 mm slab, this is 200-176 = 24 W/m2,
which is 13% of the critical incident flux for ignition with zero heat loss from
the exposed face and cnly 0.1% of the critical incident flux with heat losses

from the exposed face.
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Figure 2 Ignition of plane slab exposed to
heat radiation on one face—
critical parameters
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