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1. Imtroduction

In order to obtain sources of high intensity radiation it is
. necessary to use optical systems which can only-provide small areas of
uniform irradiation, It is important to know what effect this limited
area of irradiation has on the temperature rise of the surface since
this controls the thermal damage suffered.

In this paper, two forms of  the problem of +he conduction heat
flow from a circular heating source on a semi-infinite solid are
discussed., In the first, analogous to the cla& 3iccl problem of the
electrified disk, the temperauure or potential V s uniform over a
circular area and zero in the remainder of the uurfacg plane, In the
second and more useful problem, the flux is urdiflorm over the circular
area and zero elsewhere in.the plane., HMore .cormplex btoundary conditions
present difficulties in analysis and, even fuxr *he two above, a complete
analytical result is only possible in certain conditions. Although only
circular sources are discussed, there are some results for squate

sources glve? ?y Jaeger but there is 11ttle difference between them for
equal areas

2. Théoretical analysis

The dl ferential equation for the temperature "V" is
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‘the boundary conditions for z = o being

H
Vv
=s)
o

either (a) vV = 0

I U T S
VvV | - :
or (b)-K.(z = 0 r > R t)-o
) 0
) .
= Q r-< R t > o
ﬁith the initial condition V = 0 at t = o for % > 0

The notation is conventional throughout,

Condltlon (a) is Veber's classical problym ofi.the field due to an -~
electrified disk, . L
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2.1 Condition (a)

In the steady state, this . leeds

V = F

. oo

where'__ Z = /4&. 5
and Y- =

(-

to the solution (2)

i

cot™ { (2)
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f\lf}s:niétively the solution mey be written (2)
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The heat ‘f'lux into the solid can be

o
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- 48 the Bessel function of the first kind of arder zero'.

obtained from (3) end is given by

v ‘B__\__/ QKVQ /'-':'O _" LA T ’
) TR pdp
- © *OR
9KV, |
w7 R (5)

The ‘mean heat flow is thus °
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which is twice the flux at the centre,
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. 2.2 Condition (b)
) . : .
The sclutions for condition (b) are most easily obtained by
considering point sources of flux Q per unit area per second

dlstr:.but?d over the circular area ( v~ < R) over the surface
Z =

'f’ fr_WC«GSQ

e [y (o[t R
\/ 4*?-5 d/\[ / (7 /\),5/2. | ()

' For the steady state, V .can be found analytically on the surface,

but for a finite time "t" V «can only bs found analytically at the
centre of the source ( W™= 0, Z2 = 0), - . ' :

From equation {7) the steedy state surface temperature is

e

2R | /R) -/R)
%fFV{W$~t$“@

R - N Tr/2 - - . " "‘
‘w » —_ - O(.Q' :
here‘ | F&) _ f —_ ‘ - ;1 - (11)

“‘l‘hese golutions in equations (9) and- (10) are obtained by integral &
substitutions, given by G, N, t!atson "Theory of Bessel Functions®

C.U.P, (1944)
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F and E are the complete elliptic
second kinds respectively.

The form-of this temperature di
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integrals of the first and -

At the gentre of the disk, we have from equation (9)
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stribution is shown in Figure (1).

(13)

The mesn temperature over the area V& < Q iz, from equation (9) -« . -

V-

N

2 3 Transient solutions

For r Z = 0 in equo.t:.on

by Blok, (lx-) is

ok .
Vi, - ?“";"' 7

X
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(14)

(7), the solution, which is given

I.é-~e

y ' Q
For ﬂ:< 4 ‘ , this approximetes o

This is the solution for e co s&ant
so/éd over the whole surface 5,
/ g% in flgurb (2).

-is shown aa a f.'unctlon of

{flux enterlng a sémi-infinite
Vo
o

L]

(16)

(17)
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The Inversion Intepral is tasken round thé contour shown in Figqre (L)
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Jigure (L)L Contour of integration
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‘where & = ﬂ ) A | . (24)

and (7./ = ["‘.2 (25)
For smell vslues of 7’hequﬁtion (23) reduces to
Ko . -~ (26)

T -

This is identical with the result for the hea+¢rg of the whole
surface of a semi-infinite solid ). The va'uce cf Eiljf a

given by equations (23) and (26) are showm in ¥ c;rn (5).

5. Cooling at the surface L : o : '

5.1 SteadyAstate

The boundary condltlon to be satisfied at’ the sur;ace :Z = 0

\/.—K \/ :&' '\/\'% Q

=0" ¥ >R

where }*{ is the cooling coefficient.
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An important consequence of, this result is, that if experlments using
small héat sources as in work on ignltlon and burns are to be valid .
for large areas, the times involved in the experiments must not exceed
a certain amount otherwise heat|loss by conduction at right angles
to the dlrectlon of heating will become relatively large., TFrom

Figure (2) “or equations (16) and (1/) the relative value of the.
temg(rature of the equivalint plane and the disk for various values

of /29 canybe found. This is shovm in Figure (3), The relevance

of this is dlscussed below.

3. Uhiform transient heat flow

Another problem of 1nterest is to find the uniform transient heat
flow over a circular area applied|so that the temperature at the.centre
is ralsed to a constant value . . ‘

In a similar manner to equation (7), tas= uomk -rature at the centre
of the area

¢ —-’:éAé(bh%) :
4 SG) e
ﬂ%f ”“9/ | A A

FCIQ{’\) GT&(%——A)V?I, A | (19)

3

‘Using the Laplace transform with \{’.equal to V,. for a1l v v and

¢

denoting the transform of Q by |Q

(50)

'(2'1.)

e[‘J

/K /2
o 9{"’/&‘) C (22)
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The solution to equatlon (1) for the stea.dy sta+e condltlon sat:l.s;ying
this condition is

~. z

uie f‘“’%\ @/BJOLX (27
L
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v

where ,ffi '};Qj;:

Ve can‘evaluafe this integral at the»chtral‘poinﬁ ’TL'z_ o, Z = 0(

¢

. Thus

‘(SZQ T(ozf?)
o7 K Ee “

]

(28)
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where \/, is Weber's Bessel function of the second kXind of the
first order . ’

. and 4F{| is Struve's function of the first order,’

1 e
KV . | £ o |
a ( is shown for vaudous values of i K in Figure (6). \
1
Since the coollng term occurs as the product it is evident
that small dlskédzfe less affected by surface cooling than large mes,

In the 1limit as Fz becomes infinite we obtain the surface
temperature

\

QR LT

T|0

(30)
which is the value for the heating of a plane,

Hrhis solutlon is obtained from "Theory of Bessel Wunctlons"
G, N, Watson. C.U.P. (19h1+) .



-- when there is. cooling,
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5.2“ 'CoolingL- trarisient conditions

PR

From Figure (6) it is seen'tha’c for values of/hﬂ g greater
than 6, the steady state disk and plane temperatures are effectively

equal, Singe the temperatures are also effectively equal f‘/zsmall
values of /2211: is ‘thus possible to say that provided

is greater than about 6, disks may 'be considered equlvalent to planes

throughout their heati 1ng

Since the surface temperatures in the trensient state are less
than in'the steady state, the eff ect of surface cooling would be
expected to be leass in the transient state.

Thus at a time vhen the disk and plene tenpers turcs diver; o
noticenbly the temperature of tho Jl e ds redaced b J’ cooling bv bl

greater amount thon is the temper sture of the digle, 1d this rcsults
that &% way he socid that the presence

of cooling prolongzs the time Tor \-?hl(.,h the disk oné ﬂ ene are erfeciively

equal, 1«‘or velues of k. K 1c SS ‘Gh&ﬂ 6 the time for which d:Ls‘c and

plune are ectlveiﬂi{ equal is calculated Tor, the condition of zero
8

in o decrease in the diverpunce so,

Burfoce cool ing

6, Application of results

'lel.i &lvea a CconLcrve v.LVG‘ f_,S ulm&tc. i) ‘Prubblce

The theoretical results given|above are generally useful in |
experimentel studies involving small irradiated areas, In particular
Blok's zssult for the transient temperature of the centre of a small

disk (

a plane source are comparsble, Ifl

R L 6) gives a measure of the extent to which a disk and

experiments involve times of

" ifredistion “T then the source area must exceed the value given by

L .
. ]
Spin

where N(é)i.s the value of W/QQ

AT,
N(e) | :

]

(51)

giving the tolerable difference & ,

The required value of I\ is found from Figure (3)., Alternatively,

the largest irradiation-time 7:

T

permitted with an area QL is

a. N
T

il

It is now possible to discuss various experimental assemblies

in the light of this d:l.sc:ussion
radiation sources,

Table (1) lists four such
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Parameters, of various experiméntal ossemblies

" Rodius e S ] Mesdmun - time et which
Source of _of” K -~ . H h:H/K ixpition or burn
redietion)  source |cal e 00"1'ca1 -2 oc=1t - hR -oceurs
and referend R. || sec™ sec™ om™ 1 ‘(secs) ,
cm : : end corresponding
"error"
(11) \ 0AK s - .y
Lamp 0.56 | 4 x 107% 2.5 x 107 6 | 35 .25, 1 13%
FIEREBOARD - {0 AR
) 2 x 10°% |25 x 1073 |12 {7 |
(t2y.- | - 0AK - W
Searchlight{ 0-18 | 4 x 1074 3.6 x 1073 | 9 [ 1.62 25 - 13%
(FRO) | PIEREROA _'_3 A '
2 x 10™ 3.6 x 10 18 324 7 2.0 13%
'(9} iy 100 -, KES
(10 AT . ) o
Searchlight| 0.56 | 1 x 10-3 3x10°% | 0.15] 0.8 50 N
(Rochester) : . : I .
(B) QMK '
Searchlight{</= 1.78| 4 x 107k 6x1073 | 9 |16
(USNRDL) Eis= 1.5 : o 9 13.5
' «iF 1.2 9 |10.8
FIEREBO.! :
o =178 2x 107 3.6x 1073 |18 |32
aE: 1.2 N 18 21-6

‘The equivdlent radius “F{ " produced by each’ source has been

_calaulated and is duoted in Column (2),

For the typical matssials

tested with each apparatus (viz, oak, fibreboard end skin)
approximate values of thermal conductivitg
3

coefficlent
The value of

H

" are quoted (Colums (
is calculated on the following assumptions,

" " and cooling

and {4) respectively),

The

temperature rise developed is assumed as the ignition temperature

in the case of woods,
For the work on burns

T?is may bé of ‘the order of 500° to 1000°C, - L
(7) the temperature rise is small (say 259C)

and the heat loss is assumed to be entirely convective whereas with
the higher temperatures,rdeveloped in the ignition of materials,

radiation is predominant,
only possible to assume a maximum value of |+
body heat loss at the ignition temperature,

In the case of radiation cooling it is
given by the black
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FIG. 2. THE TEMPERATURE ON THE CENTRE OF A CIRCULAR DISK HEATED BY A
UNIFORM FLUX (AFTER BLOK )
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FIG. 6. THE STEADY TEMPERATURFE OF THE CENTRE OF A DISK WITH SURFACE (COOLING.





