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1. L~troduction

In order to obtain sources of high intensity radiation it is
necessary to use optical systems \7hich can only·pro'ride SIl1Illl areas' of
uniform irradiation. It is important to know who.t effect this limited.
area of irradiation has on the temperature rise of the surface since
this controls the thermal damage suffered.

In this paper, two, forms of' the problem of the conduction heo.t
flo.i from a circular' heating source on 0. s8rrj.-:c::£'::.r..ite solid are
discussed. In the first, analogous to the elM'Dicel problem of the
electrified disk, the tempero.ture or poter..tie.l V ::6 uniform over a
circular area and zero in the remainder of the ::lnrfac,,! plane. In the
second and mo;re useful problem, the flux is nr,iform crCTer the circular
area and zero elsewhere in.the plal"le, More,r.oIl'.plex boundary .conditions
present difficulties in analysis and, even f,.;y thE; h'o.abo"e, a complete
analytical result is only possible in certai~! conditions. Although only
circular sources are discussed, there are some results for square
SOurce~ give~'QY Jaeger, but there is little difference between them for
equal areas ~ 1 ) .' ..'
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2.1 Condition (a)

In ~he steady state, thi~,leadS' to t~e' so~~~i~n (2)

I!, where Z = tLJ... S~
. 1
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iu.t:e~tivelY the solution may be Written (2)

'vi =

" .
where' .. J

o
' is the Bessel function of the first kind of order zero.

The heat 'f'Lux into the. Bolid can bd obt.aaned from (3) £lild is given by

= o 't: >R

"of

The'mean·heat·i'low. is twa

(5)

Q."" .. ~ I(R( ~) 't- rlJ-.::
R. ~ 62. '~

. IV 0

which is tvace the flux at the centre. .

( 6)
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2.2 Condition (b)

...

The solutions f' 0 r cond ition (b) are most easily obtained by
';.:. cons ider-fng point sources of flux Q per unit area per second

distribut~d over the oircular area ( -t- < R) over the surface
Z :: 0, \3) ., '

_ f, 'l,..'t 'J_ ~ C&$()

t+.f<.A

(rr~ /\) j/;l. .

I
For the steady state, V ,can be found analytically on the surface,
but for a finite time 11 t II V can only be found analytically at the
centre of the 'source ( ~= 0,' Z = 0).

Fr-om equation (7) the steady state surface temperature is

.'

r '
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*These' solutions in equations (9) and· (10) are obtained by integral
subst:Lt'utions, given by G.'-lif. Hatson l1'l'heory of Bessel Functd.ons"
C..U..P. ( 1944).
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j1fb d(i-- ,. .i, X :l.~:J.{}- b )
( 12)

.'
F and E are the complete elliptic integrals of' the first and, .
second kinds respect~velY. I

The fo~ -of' this temperature ,distribution is ahown in }'igure

At· the pentre of 'the disk, we Jve from. equation (9) .'..... R..'
;" ··V = <Jf<

(1).

(13)
\ .

The mean' teinper~t~e over the area~ <.. Rif:, from equation (9)· <~ '"J'. .

=

... . ,

= , '\

,
r:

Transient solutionsl2.. 3
If' :Blor r. = Z

b~ Blok, (4) is '
= 0 in equuta.on (7), the solLltioJ:1~ which is given

'v: =

I
I ' I

--

( 16)

(17)

. This is the aoluti011 f~r a:co!)st~nt ;flux, entering a sank"infinite
~I SOl1-dfover the whole surface' ~5) .: 'v'o .i~ shown as 0. f't1~#tion cif

, : -'Rr; R2. in figure (2). .
," .
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The Inversion Integra.l is taken round the corrhour shown in Figure (4)' ....
. I

I ..."

.-h~~==t-~--~
J' •

Figure (4)~ Contour of integrat~on

/

I.

with poles at p.= ..
t+- '7T?/h..2.~

R~

The solution is finally obtained after some rGdl.l.(~+'J.on as

s-

where &. .=
0[)

and 'I =

KV
R

If IT~{
f<.2

......

"-

For small values of ~equ~tion (23) reduces to

!:. . (26)

This is identical I'd th the result for the heat.:i.r,g of the whoie
surface of asemi-inf~nite solid (6). The ve.:~.u(J~ cf G..i.t)·
given by equations (23) and (26) are shown i,n :F";,g'J~0 (5).,

5. Cooling at ,the surface

5.1 steadystate

The boundary'condition to ,be satisfied

is now . J-{ V-K~~)o at'the surface'Z -- 0

. ~-'"

,y-:~'<'

where H is the cooling coefficient.

0'
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An imp<?rtant ,€?ons~quence of. this :re~ult is, that if ,experiments using .
small heat sources as in work on ignifion and burns are to be valid
for large areas) the times involved in the e~periments must not exceed
a certain amount i othenvise heat!loss by conduction at right angles
to the direction of heating will become relatively l<...rge. From
Figure (2) "or' equations (16) and '(17) the r-e'Lative value of the,
tempeFature of the equdva'lorrt plane and the disk for various values
of ,Id'/ R. ':l canj'be found. This i~ shown in Figure (3). The relevance

.. ~. .

of this is discussed below.

3. Uniform ,transient heat flov,

Another problem of interest is to find the uniform transient heat
flow over":'a circular area apPliedlso that the temperature at the·centre
is raised to a constant value • ' I

. I '
In a. similar manner to equation (7), t~le teIl!f~:.rature at the centre

of the area

v ( 18)

\ I,

-~. ,I
,
,

, t-

=.ffGf!\)
Using the Laplage transform ruth V equal to V1,' for all
denoting the transform of Q by Q " " and

" P;'J. ~, .-i:zI- ' '" i-.
--e . ~. ,. . ., . ,

-.

, .

(21 )

(22)

RJJi J", ." _
/, .

-

(

Q' =

.~.p~/)I/~ [I
I •.•

_______V--:/:...,....~ c J<. 'Ii _

Pl/~( I --e. Pi -p/~ )Hence
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The solution to equation (1) for the steady state.conqitions.atisfying:·
this cond1tion is

v (27)

where £. = ''YK
" ,

, .

... '" ~.

We can evaluate this integral at the ,C0~'1+,.~2J_r:Gint + =, 0, Z = O,

Thus

= Q e'fO(} :r; {eX R}do<. '
t< £+0< ,',

u ' ' ' ,,',
, .. :

"" .

(28)

.r

=

where Y, is Weber's Bease.l runctdon of' the aeoond :dnd. of the
first order

and H i s Struve I s function of the first order.'
, I

=

=

..

.'"

"--

KV J' r,Q. p- 'is shown for vrud.ous va.Lue s of t" JI.( i:1 IL':Lgt'l.",:,e (6). ,

". 'Since the cooling term occurs ae t he p:!:'ojuct, it is evident
that small disks wet)less affected by sur-face cooling than large ales. I

In ~he limit as ~ f, becomes infinite ~e obtain the surface
temper.ature

&2'R-K,

Q.
-
H

which is the value for the heating of a plane.

Krrhis solution'is obtained from "Theory of Bessel Functiona tr •

G. N. Watson. C. U. P. (1944). .
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5.2 'Cooling - trE..tlsi.ent conditions

~Tom Figure (~) it is seen'tha~ for values of~ ~ greater
than 6, the 'steady state disk and ptane temperatures are effectively
equal. Sinp~ the temperatures are also effectively equal fa,; small,
values. of. ..fJXI f('l.i t is 'thus POSSib1F to say that provided "A(.. R..
is greater than about 6, disks may .ibe considered equivalent to planes
throughout their heating. .

Since the surface temperature~ in the tra~~ient state are'less
than in'the steady state, the effect of surface cooling would be

I 'expected to be less in the transient sta,te.

'rhus at a time when the ais};: ltd i)lr.ne tor,lp:::r'r,tl!I(;S, diver~...'~.
noticc::..bly the tempcn~turc of the ih:.ll-J i:~ r-educed tJy c00li:12; ,b:r- c:
greater ")J1,OU~lt thnl1 is the tcr.1~ler~turD of the da.sk, r.nd 'Ghts results
in[;., decr-ease in the divcrr,c;Dcc.: so 'Itha~; it '''V.!.~T be s,~'id ·ch;;.t '~11O )reseT;lce
of' cooling ,prolon2s the time for \-11Uch tJ.:u da.sk unCi ~)lo.ne fl.re eii'ectively
equal. l<'or ve.Lues of k R. less ~haJ1 6 tiho time fo!' '7hich disle end
plnne ar-e e""t'ectivcly equaL is 'caldub.teLl. for tho c9ndition of" zerr;>
surf c.ce coolJ.ng. 'fh1.s 'Olea 8ive3 a conuervuvave ,!,;s·cilTlf.l.te in pruc'c Lce

" -...":"".~ Ii,hen J.;here is, cooling. .

6. Application of results

The ~heoretical results given above are generally useful in ,
experimental studies involving small irradie,ted areaa. In particular
Blok's fflsult for the transient temperature of the oentre of a. small
disk C.-f.., R..< -< 6) gives a. measure of the extent to' which a disk and
a_pl~e ~ource are comparable. Ifl experiments involve times of

··':u-re.dJ.l:.tJ.~n-r~ .then the source area must exceed the value given by

-' .

-,

=

.' .

. Atb·
where N{f.}s the -va.Lue of' ~ 2. giving the tolero.ble difference. E
The required value of N is f~und from liligure (3). Alternatively,

the largest irradiation 'time rr" permitted with an area a.... isI to '

=
"

It is now possible to discuss various experimental assemblies
in th~ light of this discussion. Table (1) lists four such
radiation sources.
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,TABLE 1 .' ..... ~ . ', .
-" ".,

.'- ,

z:

::

"

. '

r· ' ., ,

Rndius
, . J ..MtiXinium, time at '·,::ldch- "

sourc:e of : .of' vr: H Ih=H/K iinitim1 or burn.1\. '.
ra.diati011 source ca.l cm-1 °C-1' cOol cm-2 °C- 11 hR .occurs

and refur8tlQ: R
,

sec-'r sec- 1 cm-1 ,( eece ),
",

j vnd correspondingem :

, "error"
"

:

I
,

(11) O.lU( .,

Lamp 0·56 4x 10-4 2·5 x 10-3 6 ,3, 5 ,25, 13%
I

- .t" ••
,.'

FIBREBOARD I

" 10-4 ,2·5 10-3 12 7· ;
,

2 x x ". ' .

" "
, , ,

(12Y, , OAT( 4 " J

Searchlight 0·18 ' 4 x 10-:- 3·6 x 10-3 9, 1· 62 2·5 13Jb, ,

(FRO) FIBREBO~
10-3

-
2 x 10- 3·6 x 18 ,3'24 2.0 ~3%

.. ,

'(9~ SI~DI 100
~

'12;"
(16 (7) 3

~

10-4
"

Searchlight 0~56 '1' x 10- 3 x 0~15 ' 0·8 50 4(:7
(Rochester) .

, /') ,

'"I
' ,

i .. "

- I'(B) '"OAK ' .
!

Searchlight ~= 1· 78 4' x 1cr4 J o 6 x 10-3 9 16
(USNRDL) er; 1·5

,
9 13~5, 1·2 9 10·8,

I , ..

! .

u= 1· 78 FI~(fe 3·6 x 10-3 18 32

~~:
1'5 18 27
1· 2 , 18 21. 6

1 1

"The equivalent radius "I<. II produced by each' source' has' been s :

, calwlated and is quoted in Coltunn (2). For the typioal ~a1;e~ials
test,ed with each apparatus (viz. oak, fibreboard and skin) t 7} ,
approximate va Iues of" thermal conductivi t;y "K,' rr and cooling
coefficient I! H I! are quoted (Colunms (3) and (4) respectively).
The value of f-i is calculated on the following assumptions. The
temperature rise developed is assumed as the ignition temperature
in the' case of' woods'. T{1is may be of 'the order of 5000 to 1()()()OC'.'
For: "the work on burna (7) the temperature rise is small (say 2500)
and the heat loss is assumed to be entirely convective whereas with'
the higher bemperaturea.> developed in' the ignition of materials,
radiation is predominant. In the'case of radiation cooling it is
only possible to assume a maximum value of H given by the b'Lack
body heat loss at the 'ignition temperature.
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It .is seen f;~~' Column (6) that the' vcLue of it. f< for the .
experiments at the' United States NaJal Radiolo~ical Defence Laboratory
exceeds 6 and so pr'ovided there nre po physiological and physicoc~emical
.scale effects. the assembly c~nrPe reg~~aed as sati~factory for all
heating timys ,~he value ofAf~K rJr the assembly at Rochester
.Universj.;1;;y ~~~" .\1~)wouI¢l, however-, [appee.r to be too low for ccmplete
equivalence of disk und plane but so long' as' the heating t~es are less

'than K'Oseconds the th'ermal error iti scaling is at the most about
'10 per cent" Fo~·tpe ·two assenilllieS at the Joint Fire Research
Orga:uzat~on (11)" t 12) . the' SClili.;tg 'lis; se-tisfo.ctory, only a~" long a.s the

, hent~ng t~mes are restr1cted·to ~ seconds for the searchl~ght and ,r" 25 seconds for the tungsten lrunp Ylhdn oak is used~ On this latter .
'I aaaemb Iy the scaling with lighter mdteria1s would probably 'be satisfactory

..:.....f.or ,alJ". heo.t,i,.ng ~ i..mes. .
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