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CORRELATION FUNCTIONS AND STATISTICAL ANALYSIS
. by :
D. I, Lawson :

During recent yecars attention has been tumed to the limitations of
cormunication channels in respcect of the information which can. be passcd
throurh them in a given time, In order to transmit information, it must
be coded in some way so that the informamtion appears as a seriss of
electrical impulses which arc passed throush the channel and subsequently
- decoded at the receiver. In ordinary radio transmitters the coding and
decoding are accomplishcd by means of a microphone and loudspeaker, . In
other systems the coding may be carried out by a teleprinter or by a
morse sender. In any case the rate at which inforrmtion can be handled
will be determined by the bandwidth of the chamnel as this will determine
the rate at which signals can be transmitted,

In any practical channel there will be a chance of errors occurring
during the transmission because noise will always be present due to
the random motion of elcctrons in the transmigsion chammel and these
interfering sigmals will givc rise to unccriainty as to the character
of the simals at the receiver. The noise due to the thermal apgitation
of the electrons has a root mean square value rroportional "o the square
root of the bandwidth of the channcl so that as the channel is designed
to handle information at a greater ratc the greater will be the
probability of crrors due to noise. This can be offset by increasing
the power of the tr n mitted signal and the following relation hag been
derived by Shannon between the information handling capocity of a
charmel (the bandm.dth) and the power of the transmission.

I max = WTlog (1 + PA) where I max is he maximum amount of
- information which may be transmitted
ina time T, P is the mean signal
power received. W ig the ba.ndwidth
.and N is the mean noise power.

This interest in the ultimate limits of information {ransmission
has led ‘to the development of devices for recovering weak sigmals which
may be badly inferfered with by random neise, It seems remarkable that
80 far no attempt appears to have 'been made to apply the techniques 1:0
statistical analysis for the problems are essentmlly the same,
Statistics are collected with two ends in view; to be able to predict,
from an examination of the past, probable futurc trends, and to examine
the correlation between two sets of date in order to see if a casual
relation exists between themn, All statistical data by definition are
subJject to random variations but within any data there may be a periodic
trend (the signal) and it is one of the functions of the duty of the
statistician to discover this, This is, of course, the same problem 7
that faces the communication enginecer of geparating the sirmal fram the
noise, In order to do this use is made of the fact that the signal is
coherent while the noise is random., = A way of doing this is to compare
the simnal at any instant of time with its value after a given time
delay. A convenient method of meking this comparison is by using an

auto=-correlation function ¢T‘ which is defincd by

O = f'z!'—'r/“ﬂ")-“j("f/r) dt
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Where y(t) is the displacement-of the sigmal at time %
T is the time delay- -
T 1s the time for which the examination is currled ‘out.

, , . , .. -§
The integral (l:-) ‘j(r ") 0(6 is not of coursc a true 3
. correlation as 1ts value will vary with "_‘j(ﬁ"\ the a“lplltude of the
'signal. ~ This may be hormalised by dividing the simmal values: by
‘their R.M.S. values befors pcrfo:mlnr_ thie intepgration, If if.is
required to keep the correlation within. the usual l:.mlts of ¥ 1 and-
the normalised auto-co elation function becomes '
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Ir ¢‘T) is plotted as a function of T the resul ting graph
is called an autocorrelogram, this has several important properties
which will be stated without proof.

(1) The autocorrelat:.on function is an even function i.e.
gy - (-7)

(2) Any periodi¢ function ((Z) will give rise to a periodic
autocorrelogram having the same period as the function.

(3) Any noise signal generated in a charnel of bandiwidth W
' S 2TTW [ o i’
© will have a form STwE i.e, the form of a dampe&‘-

wave train. This means that if the bandwidth of the channel.
is considerably greater than the frequency of the signal

- being transmitied, the autocorrelogram will reveal the .-
signal, as shown 1n Figure 1. Putting this in statistical
language, if the statistical fluctuvations occur at a higher
rate than the trands which are being soughs, the- quto-
correlogram will roveal the trends.

-.The other function of statisticnl analysis is to examine
relationships between sets of data and in order to do this
use may be made of the cross-correlation function., Using
the lanpuage of comunlcatlons for ‘the moment if two simals

l(t) and. - (‘-) are to. be. compared then the
cross correlation functlon will be :

Pa) = - ) (e~ ade
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As with the autocorrelation function the existence of a pefiodic crosg-
correlation function will indicate a periodic relation hetween x and vy.

An automatic method of auto and cross-corrclation

Clearly the value of auto and cross-correlograms as a method of
statistical analysis will depend on the rapidity with which an examination
of sets of data ca? Se mede. Fortunately, a simple method has been
devised by Revesz \2/) for camputing auto corrclograms. The sigmals,

i.e, the dnta is recorded after suitable modulation on to a magnetic
tape as it arrives and after a sufficient quantity has been collected
the tape is played back through two pick-up heads as shown in Fijure 2
and the delay between the heads can be varied to provide various values

cf + The two simnals after amplification and demodulation are
multiplied together by feeding one to the stator and the other %o the
moving coil of an electricity meter., 1In order to integrate the product
it is only necessary to count the revolutions.of the rotor and this is
done photoelectrically. The autocorrelosram ils constructed by plotting
the inteprated product for any fixed time period as a function of the
delay ‘I~ between the pick-up heads.

Cross correlograms may be prepared by recarding the two sets of
statistical data on two gynchronised tape recorders or by recarding two
tracks on a sinrle tape, The two recordings are then reproduced each
by a geparate pick-up head arranged so that a variablc time delay can
be introduced and the resulting sipnals arc handied as hefore.
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