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THE REPRESENrATICN OF DISTRIBUTED RESISTANCE AND SHUNT
OAPAOITA.lfCE CmCUITS BY :r.mrreD NET\VORKS

by

•D,-'r. Iaws cn and J. H.' McGuire ,
. - :. . , .' .

The temperature' eat any point in a unidireotioruil heat. conduction
problem is. given, by the a ppl.dca tdon of the appropriate boundary con-
di tions to the eqUation . .

~~ =(,~~~
. ,where·R. is the thennal diffusivity of the material considered.

The potential difference across a transmission line with distributed
series resistance and shunt capacity' is given by the application of the
appropriate boundary conditions to the equation

dv- I---- ~ ---
'J-t RC.

.,. ,

The similarity be tween 'the two equations makes·it apparent that the
solution of a heat conductibn problem nny be obtained by.solving the
analogous electrical problem. It is however not usually practical' to
construct electrical transmission lines in which the capacity ':is uniformly
distributed and.consideration mus t; be given to the representation' of such
a line by lumped networks. The representation of dist:r'ibuted nctworks
",ith boundary conditions involving a potential differenoe have 'already,
been discussed. The present note relates to pr-obl.crns in which the
boundary flux i3 s pecd.f'Led,

Oom[?arison of circuits withdistribu ted or lumped pa'raineters

'. The problem of transl,oission along a line with distributed resistdncc
am capacity is well Imown,(a particular 'case is the submarine cable,
problem) and' the potentia], difference across the circuit at a- distance ~

. fran the' s.ending end' at a time' t aftel' a current 1 0 is fed into 'the,'
line from a generator having an infinite impeda-nce is given by"':" .

, , . ,a. ..' ..'

.,,' V~:aLR[(;Rc)~~-lS~ -'~ ~tj~J, ...... ·(l)

where..R and C arc the .resistance and capacitance
. Corresponding expressions may be derived (Appendix I)
networks of both T and Tr sections. These are: .

T section

l("'section '
',. .

per unit length.
for equ'iva1e'nt '.

,'; .

,.-

.. :....
' . ..' ..

\~1"-I~Rl)~Al~(~)ot~.·.
. . . I

. ...... (3)

-;

Where Vr is the'/~oltage across the ne twor'lc-af. .... , . .
'. , the rth section.

.,', R'''''~~d 0' are the, resistance and capaoitancca,ssoc!-" ted with each
seotiorj.""

I r ( A ) is':the modified Bes ae L function of the rth order.

\ a.t
q"d /\ '" R?
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If it is desired to compare the voltae~ a'l; a distance.ac along an
infinite length of uniform transmission line' with that given by lumped
circuits, R' must be re p'laced by t.lt R where 0( is the length of smooth
line- represented by one section or : the netviOrk.· Simil.arly C..... = 0( C
am of course x =IC( Making these substitutions eqJations (i) (2)
and (3) become:- ' '

Smooth line

•

•••.... (4)

T section netvrork

.=.4 ~nd ....:=... \rill hove integral values corresponding
0( 01.. '

_. ' . .V,,- I o f\«[ia'1~«(1)c!~+{ i" ~I~(2f)J
'a.. i:"

where ~,~ c(~ RC

••..•.• (5)

~o the number of sections under consideration.

1f section netno'rk
• lIP

....... (6)

In comparing the vol taco on smooth lines with that of e quivaLent points
(.x;.) on networks it will be Been tha t the differences depend on ·the three
variablesX-; 0<. and A' represcnting1respectivelYJ the distanoc:a1.ong

.: the ne tvrork, tho, smoothness. of the net"iiork and the time at which the
mcasurcm:mt is made. . The'networks represent the smooth line least well
when thoy are prcscn ted wi th a diacontinuous' curren t function ~- that·is at
the beginning of the line, and so any enquiry into the ability of the
ne twork to 'represent a smooth line must deal \-d~h this oondition~

The difference in potential at the bcgirming of e i, ther a T or 1f"
section 'fil tor, ani a ' smooth network miY be expressed by making appropriate
substitutions in, (4) in the form " . ,. ., ' ..

, ,.

this means that the mximum error will thus be also proportional to c( and
the til'OO a t which it occurs will be reduced prop.ortionately to ll(" •
.The maximum eITar ·is thus inverse;1.y proportional to the number of sectionS
representing unit'length of smooth network. 'The fractional error
be tween T or lr and. smooth ne tworks is of the fo nn ¢(~) ....
This is indo penden t of the number of scctions per. uni t length but' ,·t·n.e
tima of the ocourrenoo of the maximum will be reduced with the square at
the. number of sections representing. u.ni~. length of smooth ne twozk ,

; .
The absolu te and fractional e n-ora fo~.T and 11" sections are shown

in Fig. 1 and 2 respectively.

The number of scotians re cpircd to ensure tho t the error .is ,\yithin a
specified fraction is ShOVlU as :e ' function of , ~-tf .A =,/"RC an Ficr. 3 for
both T and lr sections 'Where it ,Till be seen tlnt there is little to
choose be tween the performance of the networks for the values chosen.
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The perfonnance of semi-infinite smooth and lmnped.networl<:s at
points at any distance: from the sanding end may be pre dacted from
dimensional considerations ,and thus it !JlD.y be shown that the' fr~ctional
error at any point bc twee n smooth ani Lumped network composed' of either
T or.;r, sections ',will be a function of 70<. and s

'.

This may readi,ly be shown from expressions <1, 5 and G•. ' , Therefote ,if a
lumped line .Ls cons tz-uc tcd so tha t' it gets progressively coarser with
distance ('o(·",.,,;,'~4 the fractional error ..-iill remain cons tanf at times'
in.creasirill~aS Q(.2. It· may be a Iaoiehown that the same conditions would
applyi{ the voltage error. were computed as a fraction of the voltage at'
the' sendiI;gend in the ne twork, '
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AflENDIX I-
Voltup.e alonF a repeated ne~vork vmcn a constant current is ae~l~

..
II "V I

~.z..

z

~-.....---~---~---~-- - - -+------.;~-..._--_-.:..
,.

F:ig!t semi-infinite rCl?ca ted netTV'ork

A semi-infinite repeated network is shown in fie 4-. Since there is
no accmnulation of change at the In ter-ccnnoc Hng points the following
operati~~ relation holds

-, -, (' -, ( - I
hence V.,. - d. \4., d +- VT .. ~ e 0 where d = f~ ~ ."." ••• (1.)

The above expression is valid for ..,..";>. I

A solution will exist of the form

.-

where A will be de tcnnined by the boundary c ond'i, tiona. Substituting
in (1)

/"- .. t ~ JiX.7"
Since ~he s LgnaI is continuously attenuated the positive root nay be
negleo ted. - -/
Subs ti tuting for V, I~ V~
be shO\'/tl that:-

in tho first and second meshes it Il1<.V

.•••• ~. (2)

•• "," .•• (3)

-/
Substituting for V.... in (3) gives ..
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A~IX I (continued)
;.' . . ..

., ..' . '.. . ~ -,
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"

~ " - .

...
Weii known: cases' occur when :.'

, rA :-,J:) ~':~ ~ Js..

(J..~ a. ~ (3 Co I

when

'. . ~.

T section'~ilters
. -.'

~ section filters

... ~ =
T

Ip..%. .t+.,M. . AA"f­
a, I-,M. r :

:r;;Z'A"r
O-~

InvertinB (4) ru:~ (5) gives

T'section

Vacction .

~ ; ;: ....·••.• (4)

'~" ••. .'. • (5)

......

v;;·~ Rr?i~~)~~ + eo-.\ r;M]

V~';;'" 1.~\r~~),f ,.(>.) JA
IJ

T section ..• ~ •.• (5)

lr section'· •••••...• (7).
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APmNDIX II

Comwrison of n- and T sections nctworlcs wi th a smooth transmi.ss~on liJ;g

Le t each sect ion of' tho i tera ted ne twork re presem t a length 0<.. of
tm smooth line having prilnary constan ts Rand C. The Lndd.vi.dua.L
components of the ne twork "rill have therefore values c( Rand «C. '
The voltage after T" sections will be as in Eq1'\ '. (6). ana Eqt'l: • (7) of
App:mdix I except that A will have the value ~RC

It may be shown that the vol tage V~ a t a distance ~ along a smooth
line to which is applied a constant current I o at the time t := 0 is given
by

V%. "~I.R[(lI:c:t~~tc:- t +tJ ~ }
, '

The'rth section of the interated nct\10rk ·'viI;!. ,represent a distance
1-;: ~~ along the smooth line ~

thus

•••••.• (8)

In comparing too smooth line with the T and 1f ne tworks the ~ollo\ViIie
expressions must betova'luatcd ,

f
=t" :. ;

'a,}.. --r, ...z- 'I. R ~; e, ~ - 1'"C( --+-M} smooth

I

line.

L.R<{t·~·l~~).u+-f I,.(A)1 ·T seotion

I.o~re..- ~ I,t>.) .t>. rr seotion
tJ

These expreas i cne my be made to refer to unit length of nctworlc by
imposing the restriction..-ot =I and the difference between the
resul t Biven by smooth nctvlOrk and tbe T 'and 1r sections is shown in
figs.' and a

The nnxdmum difference between the correct results given by a
smooth line and. T and ".. networks is shown as a function of the nuni:>er
'af sections per unit length in fil!. ~
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