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THE REPRESENTATION OF DISTRIBUTED RESISTANCE AND SHUNT
CAPACITANCE CIRCUITS BY LUMEED NETWORKS
by
D. I Iews oh a.ndJ H McGuire

The tempcramre 9 at any po:.nt in a unidircotional heat conduction
problem 1s given by ~the application of’ the anpropriate boundary con-
ditions to the eguation- ' o '

26 _p %
Jt 02} - ~
. .where 'g. is the thermal diffusivity of the n;atéri_dl considercd,

The potential dﬁ‘fcrencc across a transmission line with distributed
scries resistance and shunt capacity 1s given by the appllcatlon of the

. appropriatc boundary conditions to the equation

Ov __i_ 3
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The gimilarity betwccn the two equations makes’ :Lt apnarent that the
solution of a heat conduction problem may be obtained by solving the

‘ analogous electrical problem. It is however not usually 'prac;tical' to

construct electrical transmission lines in which the capacity ‘is uniformly
distributed and consideration must be given to the representation’ of such
a line by lumped networks. The rcpresentation of distributed networks
vith boundary conditions involving a potential differénce have already.
baen discussed. The present note relates to problems in which the

boundary flux ia specified,

‘ Compar:son of circuits with distributed or 1u_mped pa'MGters

T section

' The problem of transmission along a line wit:.fi distributed resista.’:nce

ard capaclty is well lmown (a particular case ig the submarlne cable
problem) and the potential differcnce across the circuit at a distance

from the sending end at a time  t after a current I, is fed into ‘the.’
l:Lne from a generator having an mfmite J.mpcdance :Ls given by

QLR[(WR(_)%e, ;.,.t — = oo r«/.L] (1)

where R and C are the resistance and capacitance per unlt 1cn,c_zth )
Corresponding expressions may be derived (Appendix I) for équivalent

‘networks of both T and T scctions., These are:

\ = L,R"[' f Lo +L S L) ()
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Whelm'Vr :'Ls the'.voltage across the ne twork at . the rth section,

R a.nd C are the resistance and capasitancc. assoclatcd with cach
sect:\.on. .

I ( A ) is the modified Besscl function of the rth order.
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If it is desired to compere the voltage at a distance 3 along an
infinite length of uniform fransmission line with that given by lumped
circuits, R” must bc replaced by « R vwhere & is the length of smooth
line represented by onc section of the netvork, Similarly ¢/ = = C
and of course X =T .’ Making those substltut:.ons eq:atlons (1) (2)

d (3) become:-

Smooth line

V=1 R{La)\] ea'\-— ac,u-fo.m] ..-olo----(4)

where ,\ = %%—

T gection network

=1, Rq[f 15(6)016’4- Iaa(!)] o ...‘.‘...(5)

' at X o ‘ _ = :
here ‘= . nd 7ill have inte 1 val C ding
vhexe ¥ = Tpe = g end g Ll heve integral values gorrosponding

to the number of scctions under consideration,

Tr sect:.on network

; \/ =L R‘rt 13(3’)43 ...._....:.(6)

In comparing thc voltage on smooth lines with that of equivalené poini:s
() on networks it will be secn that the differences depend on ‘the three
variables X, ® and A représcnting respectively, the distanoe: along

.: the ne twork, the smoothness of the netviork and the time at which the

mcasurernnt is madé., - The networks represcnt the smooth line least well
when thoy are presented with a discontinuous' current function, that is at
the beginning of the line, and so any enquiry into the ability of the
network. to- mpresent a smooth line must deal with this condition.

The d:.fference in potential at the bcg:.mlng of either a T or T
. section filter amd a smooth network may be e}.pressed by making appropriate
substitutions in (4) in the form

« I, REH) wnd

this means that the maximum error will thus be also proportlonal tod\ and
~ the time at which it occurs will be reduced proportionately to o

~ .The maximm error -is thus inversely proportional to the nunber of sectlons
representing unit length of smooth network. The fractional error
betiveen T or W and smooth networks is of the fomm ¢(-"-§

This is independent of the number of sections per unit length but ths
time of the occurrence of the maximm will be reduced with the square of
the number of sections representmg unit lcngth of smooth netwoxk,

Thé absolute and fractlonal errors for T and T  scctions are shown
in Fig, 1 and 2 respectively.

The number of scotions re cpnred to cnsurce that the exror s within a
specifiled fraction is shovm as a’ function of a
/I(c in Pig, 3 for

both T and W sections where it will be scen tha.t there is little to
choose batween the performance of the networks for the values chosen,
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The performance of semi-infinite smooth and lumped nectworks at
points at any distance from the sending end may be predicted from
dimensional considerations, and thus it may be shown that the fractional
error at any point between smooth and lumped ne twork composu.d of e:Lther
T or o sectlons will be a func:’clon of x ) :

/o( and- 8

This may readmly be- shovn from expresslons 4,5 and 6 Therefoi'e Af a
Jumped line .is constructed so that it gets pI‘OgI‘GSSlVGlj coarser with
distance (e ¥Pveex) the fractional error will remain constant at times
mcreas:mg as 9(2 . It may be also shown that the same conditions would
apply ‘3 the voltacre error. wWere computed as a fraction of the voltage at
the sendmg cnd in.the network. : :
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APEENDIX I

Voliage along a repeated network when a constant current is applicd

Vo
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A semi-infinitc repeated network is shown in fig & . Since therc is
no accumulation of change at the interconnccting points the following
operational relation holds

gy, rPr— —;I —
V-‘-, - V":*' — VTA! 1_ VT:'I - Wyi
z’ pa z’
e '-, : — ' ) J . -2/
hence —-avh' + VT#% =0 | where d = H-s:z R &)

Thc above expression is valid for '1'“'/>,- |

A solution will exist of the form

r = Am

where A will be determined by the boundary conditions. Substituting

in (1)
M= A/'t Js2_

Since the simal ds continuously attenuated the positive root my be
neglected,

Substituting for V ook V; in the first and sccond meshes it may
be shown that:- '

]

d2'T,

- )ra/*+('~»»)(3* )

M.;(M. 2L M | )
R S ==

From fig . it is seen that

—\7: > BV;*O“B)W«H 'f'-""(5)

—f
Substituting for Va in (3) gives

7/

T = o Z TLA+(-QpI p™
' (5"‘3[1/&4-( )T +30)]

¢ -

FiLgLLL gemi-infinite rcpeated network

vy



APPENDIX I (contimued)
Well kriown cases occur when
A= O M/} s '/:\ L RERRERL section filters

K= Q amwod {3 = | T seotion filters

'Trscction._ SRR ()

E
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APPENDIX TI

Comparison of JT and T sections networks with a smooth transmission line

Iet each section of the iterated network represent a length of of
the smooth line having primary constants R and C, The individual
. components of the network will have thercfore values « R and «C.
The voltapge after T scctions will be as in Eqn.(6) and Eau .(7) of
Appendix I except that A will have the value a/QRC.

It may be shown that the voltage Ve 2t a distance r. along a smooth
line to which is applied a constant current I, at the time § = ¢ is given

by
—x3RC -
Vx,a.qI,R{(W;C_ %“a it — % et 2[RE }

The rth section of the interated nctwork \1111 represent a distance
% = TRk along the smooth line ,

a _ =L :
LR{/ Jax ’““"]_ ‘fa‘—;} ereres(8)

In comparing the smooth line with the T and Tr networks. the followinb
exmressions must be ovaluated. ,

I.R O(f"-g%e_a"-'-f& t—«ft.j%}.......smooth line.

. thus

Ly

" p A S . - ‘A | | .
IoRf% Jo < I*(\)V{" ‘*‘%I}_(A) ceeres.T section
IORT{V\C: ' I’()‘) "LA eeseeese 1T mection

These expressions may be made to refer to unit length of network by
imposing the restriction T® = | and the difference between the
result given by smooth network and the T and W sections is shown in
figs, | and &’

The maximum difference between the correct regults given by a ‘

smooth line and T and W networks is shown as a function of the number
of sections per unit length in fig, 3 .

vhm
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FIG.2a.- THE DIFFERENCE AT X=O BETWEEN THE. POTENTIALS ACROSS T SECTION AND
SMOOQOTH - LINES EXPRESSED AS A FRACTION OF THE POTENTIAL DIFFERENCE

" ACROSS THE SMOOTH LINE
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FIG.3a. THE NUMBER OF SECTIONS PER UNIT LENGTH (FOR A T SECTION LINE)
REQUIRED TO REPRESENT A SMOOTH LINE TO A GIVEN ACCURACY




.70

60f

PER CENT ERROR
1

- 40

301
20 N
IO}
0 i | i
00002 0002 | - 002 | - 02 20
| A= 2t
RC

FIG.2b. THE DIFFERENCE AT X=O BETWEEN THE POTENTIALS "ACROSS T SECTION AND SMOOTH LINES EXPRESSED AS A FRACTION OF THE
POTENTIAL DIFFERENCE ACROSS THE SMOOTH LINE - |

FR 19, 2 ]lbb




by 34

<ot/

o
ll

FIG.3b.

14

®

TTTETTTTTTTY
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