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,THE DISTRIBUTIONS OF RADIATION FROM A RADIATING SPHERE AND DISC AT THE FOCllS
OF AN ELLIPrIC MIRROR

by

P. H. ~hqmas and G. C. Karas
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l~ Introductian

.~The.anaJ.ys1s proceeds in three steps. Firstly (see Fig. 1), a point
'P' on the surfaoe· of the mirror is oonsidered. The radiation from ,the
sphere at the fOCllS F1st~ !!D. elementary area at P produoes an elliptioally
shaped image area in the second focal plane at F2. The geometry of this having
been discussed, the second step is the extension of the elementary area to an
annulus through P. The last aI¥i final step, is the integration aver all the
area of the mirror. The diameter of the sphere is considered to be emall eoa­
pared with the distance from the mirror. The analysis is repeated for a disc
source.
2. TheoI;\'

2 (i) The ellipse at the second focus.from a point on the mirro...!:

(1)••••••• 0 ••••••

;:"":1:.-~Hl 4- , -- •
F, .,-_.-.-. --'
,~ZR,

... _~.
r 1 - 1 + e cos 6

where e is the ecoentricity of the ellipse,
and 8 is the semi major axis '
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FiS. 1 I
Geometr:t of radiatian distrlbutian in aile plane

Following the notatian of Fig. 1, we have ftcin the geometry Qf the ellipse

, ~

...

-,
~ = 28; _ 8 (1 - e 2 )

1+ecos 6 ............. t••••••• (2)

\Ve assuae R < < 8 (1 - e), .
:n

and 28 e •••••••••••••••

so that a. = ~
r1

which from equatian (1) gives

a. = •••••••••••••••



cos 'f

From the geometry of' 6. F1 F2 P

_ .l.'a 2 + (" F 2)2 - r,2
- 2 r2(1, F 2)

which from equations (1), (2), and (3) gives

••••••••••••••• (5)

...

•

co
s , 2 s + (1 + sa) cos e

= (1 + &~) + 2 8 cos e
image ellipse in the vertical pl8Jl,e at F 2 has a semi-minor axis of B

where B = ra a. -
2

~

which from equation (2) gives

• ••••••••• ~ ••• ~ (6)B - R (1 + 28 cos e + 8 a) .
- .' 1 - e 2

and from equations (5) and (6), a semi-major axis of

_ B _ .. R( 1 + 2& oos e + s:2):2 .
A - Cos i' -«1 + e 2) cos ~ + 2el1 _ ea) •••••••• ~ (7)
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2 (ii) The distribution at the second focus from an elementazy annular
eleJll!l1t
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...,Fig. 2
Image'in vertical plane at second focus of' a sphere

J lref'ieOted)?zelement¥Z' area 'atP.

The image ellipse having semi-major and minor axes A and B ,is uniform~

ir:radia.ted. If the annular ring is a radiator the image of' the sphere.in
the ring is circular and-is formed' by rotating the ellipse about its oentre.

---I zt

I,.

Rotating the ellipse through a complete circle gives unifonD intensity
ip' the ,cireular area r < B • Forunit intensity within this oircle
the intensity in A > r > B is

i' 2= n ~ ••••••••••••••• (8)

where sin ~ is obtained from the equation of the ellipse and the
co-ordinates of X ~aeeFi:g. 2) .

r:2 cos 2 -6 + r 2 sin 2 B
A2 B2 ~ 1

;~ -~ ~.

sin ~ = ~Ar: _ )'t1) cot i'
•••••••••••••••
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For r > A the intensity :is of course zero. From -equat:l:an (5)
we can' obtain cot 1J! as

cot 1J! = 2e + (1 + e 2 ) cos 6
(1_e 2 ) sin 6 ••••••••••••••• (10)

r 2 (iii) '!j1e integrated intensity for the whole mirror surface

In F~. 1 the element of energy incident at P :is

.. '.,

t . , ;-

= I R2: sin 6, d6: dt/> •••••••••• ~ •••·~-(ll)

where e =4 ¢ are angular spherical CO-Ord:lnp.tes

and I is 'the radiant intensity at the surtBCe of the sphere.
; -

At -.. 2 , 02 E :is distributed over the area nAB, giving an intensity hOm " - (."
(6), (7) and (11). . ," ;.

02i = 02E ~ I ~ er'd6' d'bq - e2f[{1+f;2)·~6a··e·.,·:t.:.}e]
II AB (1 + e + 2e~ .. ... (......)

•••• ..10'

Hence the intensity on integrating for the annulus, i.e. 0 < ¢ < 2II
:is f:romequations (8) and-(12) .:

j ., 02 i 'Ol _ 2 I (1 - e2t«1 + e 2) cos 6 + 2e) sin ex
- - ( 1 ,+ e + 2e cos e) 3 (13)

~~ .....•........•
.,x ~' [sin -1 cot 1J! ~ (~)~~ h6
1 ..

where :ror r >A the sin- tem is replaced by zero

and where r < B by -¥- • Now, because of the discontinuity at r = A or B
we need to :£'ind the relation between r and 6 so that

r = B at 61

r = A at 62
( 2,\ r ( 2)' ,1 - e ., y-1 + e

i.e. rearranging equation (6), cos e1..,... 2& e- .'~' ~ .'. r ..

and cos 6 2:is given by equation (7) with A equal to r , i.e.

r· •••••••••••••••
.' "

(i5)

~ .

Writing the tem in the brackets [,..., ] in equation (13) as f(r,6)·.
the values of f :ror, the :liltegra,tion\,()Ver~0 < 6 < 61DllX. ."
are as given by equat;L~.,(llt) "imil.~(;l.5l:"ilAa are shown in Fig.); ,.Writing ,
equation (13) as Oi =. t lr,&ylt te:) ae __ ,:, :'.' ".
~ehave i'" tmt ,6) F (e') ae " :"::; .;.

o . : .\~ ." .

where e IDllX is obte.iried :rrom the diameter of the mirror. "......,,:' ',~

. " .

.. (16)

..'.

If e,2:is less than &ax tIlen the second integral proceeds 'only :30 far as
62 where ~ is zero

and :ror 6 1 >~

i.e. from (14): <
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emax ""'4.

and J.. f 2 I (1 - & 2) 2 (&1 + e 2 ) COS e + 2e) sin e de
. .== (1 + s + 2e oos e) 3

o I (1 _ &2) sin 2 emax
= (1 + .::2 + 2e: cos &ax) ••••••••••••••••• (17)

There can- be no :intensity at" au. outsiq.e:Amax ,

1 = 0 wh L> 1 + e: (18)
i.e. en R 1 - e.··.····..···· ~..
Equations' (13) - (16) determine the non-lmifonn part of the 'distribution
and equation (17) the unifonn part.

3. A disc source

The above analysis has been for a sphere but it is possible to repeat it
£or a disc source, the essential difference '·being-that--disl;ancas".1il:& the vertica1
plano through F~ perpendicular to Fl an~ F2.,are, reduc~d·,.·bY"AX)Se. This is
because the proJection of the disc perpendicular to Pij, is cos e of that for
the sphere. With the aame notation as for the spherical source we have for

,a disc normal, to the axis of thr) ellipse, the image ellipse equivalent to
Fig. 2 given by Fig~ 4-r-'-

2A

_.~

Fig~ ~

Image in vertical flame at secOnd fom due to a disc reflected bZ
elementa,g area P

2B cos e
2 B is now the major axis· since- for the' other axis 2 AD equal to cos 'I
i~ a.:l:-wuys less than 2 B •

Since both thlJ area of the image 'ellipse and the element of energy
are both re~ced'by 008 e, 0 2 i is unaltered. ··The integrated. intensity
i~ ifus flV6!1 by equation (17) provided r~ is less' tl!an thef~ value
of c¢:, ai1el the intensity is zero if k ~ greater than + e,i - Eb
The diso image 18 therefore of the same intensity as that for the sphere
but the unifortl1 aone is' in the cirole r /R less than the min:i.mum value of
A 'cos' e i~e. 10 95 instead of r /R < 3Q8Q

We have

AD = A cos e
The iemarkatians of the integration zones are

r = B as before at e equal to e1

and r = AD at e equal to 63

so that we have equation (14) as before and

. ,

•
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L = J 1 + 2e cos 63 + e 2)2 COS 63
R (1 - ea)( 2e + ( 1 + e2 ) cos e3

insteaa of equation (15). 'l'he relation between r/R and' cos 63
is shown- in Fig. 3. We reqlf~re the angle 'Y (see Fi-g.--5:)- wh±ch as before
we determine by solving the lfqu~:t;i~ ·to~-the-e-ll.ipS'e--tlrob-tainthe point Y •

Hence 5in2 y=j- ~ - 1 Vi.~ COS 2 W
~ 2 6. . oos

Bence the function 0 fW :fQr thlf disc is

2
f n = 1I.Y

1

••••••••••••••• (19)

..

•

...nth T given by equation (19). The integration follows that for the sphere
except tha.t OJ replaces e",'-ana e 1 'replaces· . 6 2 as limits of integration
and Y replaces ~ in eCNAtiOft (16) ~

4. APRlication to aca:.rbon· arc source
$ l -

For the carbon arc source in question(l) the focal lengths are II in. and
55 in. so that & is 2/3 and Fig... 3 has been'drawn for this value of e. Fig. 3
shows that the region- where f is'between zero and- unitY is· a relatively smSJ.l one
and cap. bl;l reastmably neglected. The- diameter of the mirror is-· 24 in..- so that
the value of &ax for the carbon arc source isi 60° 'Z7 0 •

For this 11 intermediateD area, bounded in Fig. 3-by the lines ~ = 0 and
(3 =1 and- the r k . w:ls the limiting values of rh .are Tl .!....§ and

2 - e1 + e + 2 seese max :
1 ~ l~ 2 -

".

i ..e a for I::' equa). to '2/3 -and cos °max equal to

the intermediate area. is 5aO ,,; > 3aB

o Zz..Ca •.

....
and cos el' = r;R =- 20 6

204-

We can then write front-equation (16) .~~·~a
. r·

OOS~1 R~ 2~6

2lJ Ij.

i -- cos e +' a'de

o·

•••••••••••• liJG.

•••••• 41> ••••••••

(20)

(21)

. ~' ...
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This and the result of" compu'\;~g !,quaticm (20) are s~own in Fig. 4 for a
part:i:cular carborraro' source~lJ 'conesp!iiqqg'1;(I a blaqk boa;, of 400oClK,
ioe. I is 325 cal.~seo"'l so that i i~ 16.7 cal.qm=2s eO""l which is
about 26' per cenfr greater than' the 'measured ,ma.x:iJm.1m :l,ntensity of carbon
= source. Tl:\$ dis~';rllnr1:ion for a d:iscr·souroe luis simllar:).y been computed
blI~ no s:iJllpli.~1;iaD.can be made for the larger intermediate area. -

5. Discussion

The distribution of radiati011 has been caJ.culated for a sphere and
a disc source at the focus of the J .F.R.O. mirror and the results are
given in Figo 5. They give a rea,Jqnable vaJ.ue for the m~/intensity.

The Caz'bOllS in the apparattJs are 1:1/16 ':In. d.iam~ter so R is 1.... 32 in.
The'ilnage-at'a spheriea:J: souzee-should: therefore be of uniform intensity
',rithin a rad"lIS' at' '3.8-' x 11/32 in., ,i.eo' l.\ :In. and' for a dis" source
vdth1n i :in. r:tdiua. In fact, the actual distribution varies continuously
'md i::he:r-e'is- n.: :<"eg:l:arr- of uniform- intensity.- In Fig. 6 the actual distri­
hution is horlzon1:a1: and verticaJ. direction is compared with that caJ.culated
ior a disc. In the appara:tus there is considerable obscuratdon by the arc
hoJ.der and the anode roil: .ld: this distorts the image, and redllces the
m,~rilllUm intensityo Fro'" 'che- anaJ.ysis above, it appears that rhe effect of
,)"t)s,~rat:l,ol1 is primarily to diminisn the size of the 'source, the effect on
-;'ru:> maximin intensi:ty not being urLdnly large.
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FIG.6. DISTRIBUTIOf\j OF RAD!.ATlnN AT SF"COND FOCUS CALCULATEC.
AND MEASURED - NORMALISED TO BE EQUAL AT THE CE"'ITRE




