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Summary

The distribution of radiatien at the focus of an elliptical mirror
from a sphere or disc at the other focus is calculated and the result
compared with the measured distribution for a particular carbon axe
system, The values of the maximm intensity are in good agreement but
the distribution is narrower than that calculated, presumably as a
result of obscuration,
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,MDISTRIBUTIONSOFRADIAHWFROMARADMTINGSPHEREANDDISCATTTEFOGUS
- T OFANELI.IPTICMIRROR

: by
P_. H, Thomas and G, C, Karas

- 1, Introduction

..The analysis proceeds in three steps, Firstly (see Fig, 1), a point
'P' on the surface.of the mirror is comsidered, The radiation fronm the
sphere at the focus Fystriking an elementary area at P produces an elliptically
shaped image area in 1he second focal plane at Fo, The geometry of this having
been discussed, the second step is the extension of the elementary area to an
annulus thmugh P, The last and final step is the integratiom over all the
area of the mirror, The diameter of the sphere is considered to be gmall com-

pared with the distance from the ma.rror. The analysis is repeated for a disc
source,

- 2. Theory
2 (i) The ellipse at the second f'ocus from a point on the mirror

We consider the plane through the major ‘axis of the ellipse and a - point P
(see Fig, 1). 4

Fig, 1 ]
a Geometry of radiation distribution in one plane

Following the notation of Fig, 1, weé have fiom the geometry of the ellipse
2 - . :

a1 - e2)- '

"1 +¢€ cos0

where € is the eccentncity of the ellipse
. : " and a is the sem:. ma;;or axis -

eesessecssseee (1)
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2&_a(1—¢-:2)

e r2 = 1 + € cos ) . oooooloooaootooo (2)

and P 4 F2 = 28 g oo;.ocooooooooco (5)

We assume R < < a (1 - &)

so that Gf»T

vhich from equation (1) gives

e< ) P ¢
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From the geometry of &4 Fy Fp P

rs2 4 2 _ p,2
cos v = ) ra(F1 Fa) N ssveséonnersven (5)
which from equations (1), (2), and (3) gives '

2 e+ (1 + 82) cos ©
1 + &) + 2 ¢ cos B

image ellipse in the vertical plane at F, has a semi-minor axis of B

where B =—I:a?'4-‘

" which from equatien (2) gives

cos ¥ =

B n(1+2s°°86+e)-

0...0..00.0...00 (6) .

1 - ¢*
and from equations (5) and (6), a semi-major axis of
B " B(1 + 2¢ com 0 3+ £2)2

A = m ((1 + & Tcoaﬁ + 28X1 - € ) sevsvsveo (7)

2 (ii) The distribution at the second focus from an elementary annular
glement |

The image ellipse having sem:.-maaor and minor axes A and B is mifomly
irradiated, If the annular ring is a radiator the image of the sphere . in
the ring is circular and-is formed by rotating the ellipse about its centre,

T TR

vl

/) re ‘ed by elementaxy area at P

Rotating the ellipse through a cOmplete cimle gives unifom :.ntensity
in the circular arear™ < B , For unit intensity within +his circle
the intensity in A> P > B is

2

i' = n B ’ ersOEROIOINIIQROSS (8)

where sin P is obtained from the equation of the ellipse and the
co-ordinates of X (see Fig, 2)

r? 28 4+ 12 s:ln2§=1 , :
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For r > A the intensity is of course zero, From-equation (5)
we can obtain cot ¥ as : -

2 + (1 + g2) cosp
cot ¥ = (1t = %) sin 6

sscvserresosense (10)

2 (iii) The integgted intensity for the whole mirror surface

Fi]g 1 the element of energy :I.ncident at P is

62E = IR? gin 0 46 d¢.

..."......’...; (11)

where © and ¢ are angular spherical cb-ord:inptes

and I is 'the mdiant' intensity at the surface of the sphere,

é <o

At "2, 8*FE is distri‘buted aver the area I AB, giving an intensity from .
(6), (7) and (11),
b2 — $E _ Lain 090 de(] - o2f[(1 4 g2) con 8.5 2e]
s (1 + 8° + 2¢ oqe.0)7 (12)

Hencc-; the intensity on integrating for the ammulus, i.ee O < ¢ < 2I[
is from equations (8) end-(12)

¢ n2 e _2I(1 - 2)2((1+82)0086+28)sj.n3
i 6-1 = & = (1+€ + 28 eose)a

_jf%—[s:.n -1 cotyw 2(?-)-1& e

where for T >A the sin™' term is replaced by zero

and where T < B by -Igl- . Now, because of the discontinuity at ¥ = A orB

we need to find the relation between T and © so that

ereveocerereces (13)

r = Bat 0,
r = Aat 602 2 . .
i,e, rearranging equaticn (6), cos 04+ U4-e %I—- (1 L_)r ceseseee (14)

a6

and cos 92is given by equation (7) with A equal to P , i,e,

U+29 cos © A .

(1 — 2)(2e + f-’ + & ) co8 62) sssscssrreeRIOS (15)
Writing the tery in the brackets [ -*° ] in equation (13) as £ (¢ e)
the velues of T for the integratiom: overao < 0 < Opax ’ _
areasgiv-enby t:.ons 515 AR a.reshommFig. 3. _ ﬁrit;[ng_._ _
equa.t:.on (13) as E é:u( Sll“ fg ce e T

venave 3 = Jt (r0)7 (0) a0 L Rt
where © max 18 obtained from the diameter of the mirror, RS :; d

If61<emax 0,

i 6 P (0) de+--~—[F(6)Bd6

cocsescsseeiese (16)

If O2 is less than Omax then the second integral proceeds only so far es
02 where P is zero .

and for 94 > %a_x

. 1 2 , 2 c.os 5] ma#-
i.e, from (14) %'- < +(1e _+ez§
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Omax -9
: 2I(4 =« e2)2 ((1 4+ %) cos 6 + 2¢) sin 9 a9
and 4 .= f (1 + e + 28 cos )" -

1 - e? 26
1 + £ + 23 cos m 00000000000000000(17)

There can be no intensity at all outside Apax

r 1 4+ ¢

i.€e i = 0 when""nf> 1 - e oo-ooooooooooo‘co(ls)

Equations (13) - (16) determine the non-uniform part of the distribution
and equation {17) the wniform part,

3, A disc source

The above analysis has been for a sphere but it is possible to repeat it
for a disc source, the essential difference being-that-distancesin the vertical
plans through F, perpendicular to Fj and Fp.are reduced.byccos © , This is
Decause the projection of the disc perpendicular to PR, is cos © of that for
the sphere, With the same notation as for the spherical source we have for
,& disc normal to the axis of the ellipse, the image ellipse equivalent to
Pig, 2 given by Fig, L

Y/ — .
2A —_— , ¥ ...__2A CoS@ = 2 Q_‘D
0 ——

o 2R,

Fig, 4
Image in vertical flame at second form due to a disc reflected by
elementary area P

2B cog 6

2 B is now the major axis-since-for the other axis 2 Ap equal to ™ 5 ¢

is always less than 2 B,

3ince both th® area of the image ellipse and the element of energy .
are both re@uced by cos 6, 521 ig unaltered, -The integrated intemnsity
3§ ghus given by equation (17) provided T/ is less than the pinimp value
of 2,38 and the intensity is zero if '/R is greater than' + /1 = g
The disc imegd 48 therefore of the same intensity as that for the sphere
but the unifortt gone is in the circle /R less then the minimum value of
A cos B 1ye, 1,95 instead of T/R < 3,8,

We have
Ap = A cos ©
The demarkations of the integration zones are

r

B as before at O equal to 04
Cand r = ADat 6 equal to O3

so that we have equation (14) as before and
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, ‘ 2. = (1 + 2c cos 63 + E:2§2 cos O3
R (1 = ¢e%)(2e + (1 + € cos 63
instead of equation (15), The relation between ¥/R end cos Oa

is shown in Fig, 3, We regyire the angle Y (see Fig,~5) which as before
we determine by solving the equation to-the-ellipse-to-obtain the point Y , -

2 2

. )
ice. ...iT sin!2 Y +.P_£!_l = 14
. D P

Hence sin? ¥ :\/ = 1/1 2o ‘g g cecscsscescense (19)

He.nce the function 17 for the disc is

with ¥ given by equetion (19) na The integratiom follows that for the sphere
except that 3 replaces ® 1 replaces 6 as limits of integration
and ¥ replaces”’P in eq_uat:.ogf (16)o

. L, Application to a -ca.rbcn- arc source

For the carbon arc source in q;uestlon(l) the focal lengths are 11 m. and
55 in. so that € is 2/3 and Pig, 3 has been dram for thn.s velue of € , Fig, 3
shows that the region where f is between zero and unity is a rela.t:Wely small one
and can be reasonably neglected, The diameter of the mirror is-24 in., so that
the value of fwax for the carbon arc source is 60° 27¢,

For this *intermediate’ area, bounded in Fig, 3 by the lines_ 8 = 0 and

B =1andthe /R ~ agis the limiting values of Y4 - are ._]f...i“:_é.? and
1+624+2 gcosO pax ; €

i, e, for & equal o 2/3 -and cos O max ©qual to Oo4f

the intermedists area is 5,0 > 5> 3.8

and cos e-g‘ = r£2= 206 . oooooo;oouoooo. (20)

~ . - 2,4

We can them write from -equation (16) Gar thds-reglon
’ o cos™ 1 £~ 2.6
' B
200

- 2I %%l_c_—os e +% sj.m ede seeCPRPOELOSOOPDOSISEES (’21)

. E’l‘}‘ _&_me}a

9 *3

LY

Forl‘lL < 308 we have from-equation (Z1) itk the upper limit as 60° 27°

N i z‘000521
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This and the result of. compu?:.slg equation (20) bre shown in Fig, 4 for a
pahcular’ carbormr arc sgurceld %5 & black 'body of LOOO%K,
l.e. I is 325 cal.cm“zsee“ so that i 1s 1607 cal,qm~ 2gec”l which is
about 26 per cent greater than the measured meximum intensity of carben
source, The distribuiion for a dise source has gimilarly beem coz@utea
'bdl‘u no simplifisation can be made for the larger intermediate area,

5. Discussion

The distribution of radiation has been calculated for a sphere and
" a disc source at the focus of the J,F,R.0, mirror and the results are
given in Figo 5. They give a r able value for the meximum intensity,
The carbons im the apparatus are 1 ﬁDG 4n, diameter sc R is 11/32 in,
The -image  of & spherical source-should therefore be of wniform intensity
within & radus of 3,8 x 11/32 in,, -i,e; Ii in, and for a dis~ source
within § in, »idius, In fact, the actusl distribution varies continucusly
and there is s regiom of unifom‘ intensity, 1In Fig, 6 the actual distri-
hution is horizontal and vertical direction is compared with that calculated
Tor a disc, In the apparatus there is considerable obscuration by the arc
holder and the anods rod ad this distorts the image, and reduces the
pacimm inbensity, From the analysis aebove, it appears that the effect of
sbosuration iz primariiy to diminish the size of the source, the effect on
the maxdmum intensity not being wdnly large,

s Reference ‘
;1) Hinkley, P, L, "A source of high intensity radiation employing an

arc lamp and an ellipsoidal mirror,"
F.R, Note 270/1956,
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INTENSITY DISTRIBUTION AS A FUNCTION

OF THE CENTRAL VALUE
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FIG.6. DISTRIBUTION OF RADIATION AT SECOND FOCUS CALCULATER
AND MEASURED — NORMALISED TO BE EQUAL AT THE CENTRE





