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A THEQRETICAL MODEL OF BUOYANT DIFFUSION FLAMES

by

R. Baldwin and P. H. Thomas

SUMMARY

This report discusses some problems in predicting theoretically the height
Some solution of the simplified equation of

of flames from free burning fires.
motion are presented and compared with other solutions and the available
It is pointed out how the basis for the conventionally made

experimental data.
boundary layer approximstion to the vertical flow breaks dewn near the ground for

large fires.
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Constants

Radius of flame
Specific heat

Mol fraction of nozzle fluid in the unreacted stoichiometric
mixture

' Diameter fuel bed

Unspecified function

Entrainment constant = 0.16

Froude Nugmber

Acceleration due to gravity

Heat of combustion of the fuel per unit mass of oxygen
Rate of loss of heat by radiation

Constant l

Flame height

Dimensionless Flame height = 2/D

It

Mass flux .

bimensionless burning rete = r;\"/fo (jb)b.

Dimensionless mass flux .

Velocity vector .

Rate of heat gensration per unit volums

Badial component of polar coordinates

Horizontal and vertical distances measured from edge of flame
Absolute temperature

Adiabatic flame temperature

Entrainment velocity .

Radial component of: velocity -

Dimensionless velocity

Upward velocity of gases in flames

Molecular weight '

Dimensionless height

Polar coordinate in direction of flame axis

Dimensionless parameter involving heat of combustion

Mols of reactants/Mols products, for stoichiometric mixture-
Dimensionless parameter involving Froude number
Dimensionless parameter involving o( and

Fraction of air flowing towards flame involved in combustion.
Temperature rise

Tangent of angle of slope of boundary of flame

Density

Heat flux {conserved pr0perty)



Subscripts
1l F lame 1

0 Fuel, conditions at Fuel bed
S5t Stoichiometric

T Flame tip

Superscripts
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1 per unit area

i fluctuating quantity
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A THEORETICAL MODEL OF BUCYANT DIFFUSION FLAMES

by

R.381d#in and P. H. Thomas

Introduction

By a dimensional analysis Thomas(1) has related the height of flames from
freely burning fuel to the rate of burning and linear dimensions of the fuel by
equations of the form

¥ - J&(m’*) (+)

Reasonable quantitative agreement was obtained by discussing these results in
terms of the entrainment of air by the turbulent flames, and defining the tip of
the flame by a certain temperature rises These concepts are employed in the
present report to derive equations of the form of Eq (1) from the equations of
motion of the systems ' '

The temperature of the ?is of the flame has been megsured by Yokoi(z) and by
Thomas, Baldwin and Heselden\3/ as 300°C* for wood and 500°C for town gas and may
be related to the entrainment of air by the rising gases by the following
equations:

Me = WMy +m, (2)
m. b, = ma( o« t_,_,je_:,) (3)
Cgf_, cgo.,

where 1s has been assumed that ¢ dces not vary with temperature. The
characteristic temperature of he tip may thus be replaced by a value of!l& s which
Thomas, Baldwin and Heselden\3 s, by measuring the air flowing towards fldﬁg%, have
estimated as in the range 60-80, These values illustrate that the air flowing
towards the flame is at least an order of magnitude greater than the stoichlometric
requirements of the fuel, implying that only a fraction of the air flowlng towards
the flame takes part in ¢éombustion,

In this report the flame is represented as a rising column of hot, reacting
gases; above the flame tip the flame behaves as a thermal plume. Because the
vertical velocity of the gas is expected to be increasing in the region where the
temperatures are high enough to keep the density difference and the buoyancy force
almost constant, continuity demands an inflow of the surrounding air across some
suitably defined mean outer boundary outside which will be assumed there is no
upward movement. In thermal plumes, with small density differences, the
assumption of local equilibrium in the turbulence leads by dimensgional analysis to
the resu}t,that the entrainment velocity is proportional to the axial mean upward
velocity 4). However, chemical reaction within the flames induces high
temperatures and thus large density differences over the length of the flame, and
the constant of proportionality must then be replaced by a function pfgyﬁa .
Following,work on flames of high initial momentum (Ricou and Spalding\-// ahring
and Newby(6 R Thomas?Ts has assumed that the inward momentum of the entrained air
is proportional to the local upward momentum., This leads to an expression

9. = E (f/("‘*)‘& W ()

* Later work indicates that this temperature when measured by more refined
methods, is 500°C.




where E = 0416 from the data of Rouse, Yih and Humphries(7), Mortqn(B) has
recently used this assumption in an analysis of plumes with high density
differences.

There is as yet insufficient experimental evidence far verification of
equation (4L but the general validity of the assumptions introduced above is
justified by the following calculation.

Solution I

Rasbash et a1(9), Heselden(10) and Thomas, Baldwin and Heseldan(s) have
measured the velocity of “thé. visible 'flame tip dwing a fluctuation dnd: their results
are consistent with the velocity being proportional to the square root of the
height, Equation (L), based on their measurements, then becomes:

Te = O.tExO-No(ng %!T@LYL (5)

We may now obtain an expression for flame height by finding the total
quantity of air entrained by the flame from Equation (5 and def'ining the
flame tip by its characteristic value ofwr, w,s Suppose the effective
surface over which entrainment oeccurs forms 'the frustrum of a coney angle
tan™ 4 . Then from geometrical considerations it may readily be shown from
equatlion (5) that .

Sh- 3 l T .
: * -
).;5 (‘*(L’ﬂ "}3 (L \ = gx 00 % (-’% A ¥ (o)

L ™o
D s

Clearly, for large values of L*‘ ¥ < (\M-*'z 5 \

and for small values of L°' ¥ e Vfc* H

and for intermediate values of L®, - AN o yvd‘)v

where 2/5< V < 2/3

Strictly,}a is a function of L/D:'but for the present we will assumeJm.z
constant = 0.2 say. This is a reasonable first approximation if we define
the flame zone as the visible flame together with the . surrounding layer of hot
gasessy Bquation (6} is plotted in Figs 1 with L¥* plotted againstm®

and W\&tmozzﬂo and compared with experimental data reviewed by Thomas(1).

The extiunt of the agreement provisionally justifies the use of the entrainment
concept and the definition of the flame tip by its temperature jin the analysis
that follows. Equation (5) has also been employed by’Thomas?13 in discussing
flame length, and has been used to predict the merging_¥rgperties of flames
from separate fuel beds by Baldwin, Thomas and Wraight( 174

Eguations of motion

The equations of continuity, momentum and energy may be written
V. S = 0 L (7)
plau)e [’3% A -{,g.@,:@ (8)
(:a: QV.Q) & = Q-T + xV7H - (JJ_Z.(&'%' ) (9)

where w is the upward componenf of velocity, is the mean velocity
vector at a point,(y is the rate of hea§ generatlon per unit volume and I is
the rate of loss of heat by radiation per unit volumes

-2 -



Define cylindrical coordinatesY = (r, 2z) for the radially symmetric flame
such that the axis of the flame is The z - axis, and let the mean and fluctuating
velocity vectors bed, = (v, w) and g = étr', W ) respectively. Suppose the
flame occupies the regionr g b where%bz b(z) is the mean outer boundary of the
flame across which there is a mean inflow of the surrounding air.

We may simplify the equation of motion by the following approximations:
2

1. . I =0, About § of the heat is lost from the visible flame by radiation and
will be allowed for in calculating the effective heat of combustion of the
fuel,

2. In fully turbulent flow the turbulent transport is large compared with the
molecular processes and we thus ignore the terms yV/ >0 KV""&

that we ignore the terms }, and 9 'O
Az 3z
o In plumes it has been shown that the distribution of velocity and temperature
across the plume is Gaussian. However, it is doubtful if this property holds
in flames, s0o as a first approximation in the absence of experimental data and
for the sake of simplicity, , W and(} will be assumed %o be constant across
the flame and zero outside it, These are the so called "top-hat" profiles.
At the top of the visible flame it would be appropriate to assume that the
profiles are closer to those of plumes.

°

3. The longitudinal diffusion i{& 11 compare( Witl} the lateral diffusion so
wyS

Integrating Equations (7), (8) and (9) with respect to r and introducing the
approximations 1 - 4, wé have thé following conservation equations: Conservaticn

=i () - ok (@"m (0

Conservation of momentum:

%z(f,bw) - 3&‘\ ow (1)
Conservation of heat:

Qb (M) = QF (2

-1 1
The terms ( ro ) Q"w'& appearing in the integration vanish since the-
turbulent ansfer at o 13 zZero,

It has been shown that the air flowing towards the flame is an order of
magnitude greater than the stoichiometric requirements of the fuel, so that only a
fraction of the air takes part in combustion. Suppose that at each level some
frection & , say, of the air entering takes part in combustion. Strictly§=
(z) but since the functional form is not known, we will suppose for simplicity that
combustion is distributed uniformly over the length of the flame, so that & is a
constant given by

L&k\ = é __N:k)
o Ik WMo I

In this way all the fuel is consumed by the reaction before it reaches the flame
tip.

We may now calculate the funotion. Q in tems of the combustlon of air at
each level so that Equation (12) mey be written:

%7-([ mw% - ‘).E./on (%)f’ c%‘: b (1)

’



Solution IT

From Equations (10 and (13)

C{J = %('%(&{ - 8*) = % &_G): ?50 = constant

I g,

2
where na, = b w
This property E:s an analogy in thermal plumes where -the heat flux is constant:

this result may be obtained by putting H = 0 in the above.
Equations (11), (412) and (13) may now be written

% = lEfA“L (MV\)}HL (14)

Gl > 2 (g & - 9) o
4) = ‘§o (16)

We now define dimensionless variables V, M, X such that

Qf\w\'h’?— (W‘o Wo\'m V | “7)

hy ¢ 5]

moo= B (L) (-—-n-,:“‘”’%) M (16)
I ° . ]

z = ’;:lg‘lz_ @) }-‘r;-;\”” (Mowi?sq )( (19)

and define 5_’
h 4y Y
- L i = 1
F = = (ji__ E ﬁi_ fu #8 W, (20)
Ct‘( ‘“ 4 LW
1 o
where F? is a Froude Number,

Then Equations (14) - (16) may be written
c.gj = V (21)
dX
oU/u = £ N (}. - ‘) : (22)
I’X 5 P .
where V =1, M = ]!_t[0 at X = 0.

Integrating Equations (21) and (22) gives )

Vi = 1 - (n’--—no’“)«»"(”s'“ n.’ (23)

M _]l:’
X = j { | = (=N +‘F(n”- n})} a1 (2)
which will be referred ?8 as Solution II, ™

Evaluation of Solution IT

The integral appearing-in Solution II (Equation (214.)-) cannot be
evaluated in terms of elementary functions, but in two special cases it is
possible to derive approximate expressions for flame height

- b=,



First, however, we express Equation (24) in a more convenient form for
finding flame heights:

- L)1 - ul;
X = __‘l'i) («73—01.*") dom (25)
LA 1+ L ‘

where

:04,,,_')"(‘@-&) , r, - N,

oA = (&“_;Xf;%)ﬂ = FO, -1

Now [y _wx[m,ta.kes a valus of the order 40-70 at the flame tip and 1t can then be
shown “that the following approximations hold:

1w Whenx is small

3'5‘ L*IL Hlng ' -|’b
0| e () e &
Lok
This expr6551on 1s exact when. X o, 1,e.-when oA ={3 , but this reguires
A >0 since (5 -2,

2. When B is very large,

Xe = R(nln, -0 )(-<ne Ve

Now for wood with some allowance for radiation loss the effective heat of

(27)

combustion may be taken as 2500 cals/gmg‘ ¢’ = 0.24 cal granr1degC'1,and EmA; 4.5
o ) sp
Therefore, H 2500 cals/gm and from Equation (2) and (3) assuming a flame tip

brﬂ5
temperature of 500°C and making allowance for the temperatufe profile at the tip
we have (mA) = 34+ However, Thomas, Baldwin and Heselden'3) have measured values

OT . :

of EmAg of about 70, so in the following analysis both values will be considered.
g )T

6o is unknown but it is smll;

for simplicity of calculation we will assume
o = o so that 65 = 50-100°C4

The integral appearing in Equation (26) has been evaluated numerically, and
its values are approximately

(1) 16.2 when my/my = 34
(2) 23  when ma/mo = 7O

The equations expressing the dimensionless flame height L* in terms of the
dimensionless parameter m* are then as follows

L"-" = A (ww. )15— Lo}\?.w (M ) '-4-’.<- i | (28)
where A. = 9L : MA»{MQ) = 35
o=k .M.,,,M,)* . "0

and .
L¥ - A,, whon (w¥) >> | |  (29)
| (wlw)

S L ”""’.

R -5'-’-

where

> P
Y v
w oM



High Momentum Jets

These values of L* ma{ b? related to previous work on high momentum jets.
Hawthorne, Weddel and Hottel\13) have burned jets of different fuels and their
results were in agresment with a theoretical value of L# given by

* = 53 ;Iﬁ_(u(!-c)y_)}';'?r
¢ L« % L Wo

Agsuming the values of heat of gea@tion of wood ﬁolatilesf and that the density
of' nozzle fluid/ﬁensity of air.= 1u4y and taking °(T =1 this expression gives

L= 8

which compares with the values derived above.

In some rather limited experiments Webster and Smith(12) have burned
momentum jets of wood volatiles and found values of L* 1ying between 30 and 60
but the rate of burning was not measured, Putnam and Speichf14§ have used 3 in
jets burning city gas which contains a high proportion of methanse and the value
of L* found waa of the order 100 to 120,

The latter data was included amongst the flame height data reviewed by
Thomas 1) and indicates a 2/5 power law for fuel jets+ However, the remaining
data on jets suggest that the 2/5 power law.overestimates the height of the
flames from jets of wood volatiles, and that the power relationship should more
rapidly approach L* = consts ' :

Solution ITT

Nielsen, Tao and Wolf(15) have presented computer sclutions of the
conservation equations for a model having some similarities to that proposed in
the derivation of Solution IL. The results were given in a graphical form and
the line shown in Figs 1 is deduced by interpolation from their curvess
However, the following features were incorporated in their model, which differs
slightly from that developed in this paperw

1w 'Allowahce was made in the equations of motion for loss of heat by
radiations
2s The entrainment function was assumed to be of the form

fave = Epw

This introduces a numeﬁical factor into the flame height expression: the
amount of alr entrained is underestimated approximately by a factor of 2
compared with Equation (4).

3w The fuel and air burn to stqichiometric'cqmpletibn; until all the fuel has
been burned,; and the flame then acts as a thermal plume, cooling until © = 300°C.

Discussion

A comparison of the three solutions presented above and the experimental
data, all plotted in Fige 1 shows that Solution I follows the experimental line
best. Solution II gives reasonable estimates of I* when L*» 2, the region
in which laboratory measurements have been made, but when L*® }7 small both
Solution II and III, give a rglationship of the form I* (m®)°/5 compared
with the measured IL* o (n® )3 '

Let ps examine Solution I in terms of the conservation equation. Suppose
w = K 2z2, Then substituting inrthe equation of conservation of mass

%li(fblzlh-) _ lEfA”?— (‘abq'zyh'

-6 -



which has the sclution _ nedxe

a\'h N ‘ %3£§§
(P = L Ep= oy

Now subatitute in the .momentum conservation equation

%L:'z(k"z%) = g_‘% z*

whence € = constant, 8ince g} definition K = conatanf;‘ ;
and K™ = éi;%
. TA ) ")_ .
- ") - (Ji, z . : (]1>

which compares favourably with® Ea'uation (5)w

But d(izﬁ::;;-, 80 = congtant and Equation (3 ) then shows that the flame i8

straight~sided, its bounding edges passing through the origins, The solution {
w = K z2 thus corresponds to a flame from a point source in which € = constanty
The latter approximation is probably a reasonable first approximation, but the
point source requirement cannot be justified for large area fiires when I* 1is
smalle

Comparison of solutions II and III and the measured values of flame heights
(Figa'1) show that for small values of L¥* there is not only poor numerical
agreement, but also a difference of form: measured flame heights and qualitative
observation of flame shape indicate a line of slope 2. This indicates that one
or more of the postulates and basic assumptions underlying a formulation of the
conservation equations is not justified when I* is small. These will now be
examined t=

1« The wvariation of radius with height in the model of solution 3, given in
reference (15), shows that initially the flame gases flow approximately
horizontally; for this region, therefore, the boundary layer approximations faor
the vertical flow cannct be expscted to be valide However, this initisl region
occupies only a very small part of the flame compared with its height, and !
therefore it is expected that this approximation will not affect the overall
properties, such as the flame height.

This view may be justified indirectly by considering the power relationship
between flame height and rate of burning: if the initial horigontal flow region is
neglected, then the boundary of the flams approximates to that of a flame from a
point sources The point source approximation then appliesy giving a two-fifth
power relationship and this agrees with the relationship found using the more
complete theorys '

In the model of solution 2, it is difficult to obtain readily evaluated
analytic expressions for the variation of width with height, but it is evident that
when ™ is small an initial zone of horimontal flow does exist. We havet

i’é(,',,uz-i&ﬁi;((o”kb) - %}(‘%) = %-7%:- %%“) (32)
R (s e

Thus initially,

Tz r ‘ 5 |
] [N
whenuw~<3:hhinitially decreases rapidly with heights The

-7 -
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o X~y
L8



extent of the horizontal flow zone is defined by a stationary value ofdi) s
and for large values of M, it can be shown from (32) and (33) that th only
stationary value with M} M, lies within the 11m11:s|( M/Mos 3/2: stationary

valuesd with M<:M0 are inadmissible, since M is an increasing function of X.
This,: the initial zone of horizontal flow is very small compared with the height
of the flame which is defined by M/MoAs40; In this region alsoy the
disposition of the fuel will be important. For example, in practical
situations the fire may well be from a number of individual sources, merging at
some height above the fuel bed; +this may greatly increase the rate of air
entrainment and thus possibly eliminate the zone of horizontal flows

2+ Comparison of solution II and III indicates that the vertical distribution
of heat release by combustion is oft little consequence in determining the form
of the fumetion I* = f(m*) when I* is small,” However; these two models are
not strictly comparable because of the different assumptions concerning the
entrainment of air and the loss of heat by radiation and the different values of
the heat of combustion of this fuel. The effect of changing the vertiecal
distribution of heat release may be studied by comparing solution II with the
extrems case in which all heat is released at the fuel bed, the rising column

of gases, thereafter behaving as a thermal plume. Putting ©¢ _IH/c, & = o in
the model of solution TI leads to an expression for flame height of the same
form as (28) and (29) the constants being approximately 20 per cent smaller when
¥, is small, and three times smaller for fuel Jjets when m®  is larges Thus
for large firés the variation of vertical distribiution of heat release is not
important in determining overall properties, such as flame height, but this is
not true for fuel jetsy

. The rate of air entrainment by the flame is very much greater thsn the air
requlrements of the fuel and it may be; therefore, that the end of the visible
"'flame zone cannot be identified with the end of the reaction zone, combustion
taklng place only in the initial region of the flame where the stoichiometric
air requirements of the fuel are entraineds An alternative view is that the
rates of heat release by combustion is governsd by some slower diffusion

process than entrainment of airs« For example,fthexe are two diffusion
processes taking place — entrainment of air.from outside the flame and of fusl
.and air within the flame zone~ The latter may be the slower process of the
,two ‘and this would then govern the rate of reaction .of air with the fuel and

it would be unrealistic to relate heat release to the rate of entrainment of
airs This will be the subject of further investigations

3. The flame tip has been defined by € = constant, and there is no reason to
suppose that in 1arge area fires this definition is substantially inadequatew

ﬁ;' There is some ev1dence to support the view that existing entrainment theory,
as: descrlbed above, is inadequate particularly for large area fires,

(a) It has been shown experimentally by Thomas, Baldwin and Heselden
that the boundary of the visible flame zone may not necessarily be identified
with the boundary of the column of hot rising gases as in solutions II and III.
This difference may in part account for the different indices of equation (28)
indicated by the above theories and by dimensional analysis. The latter is
deduced by evaluating a shape factor as a function of L/D based on
qualitative observations of the approximate geometry of the visible flame zone
which differs considerably from the flame geometry of solutions II and III,

(h) The pressure drop is negllglble on the axis of the small fires and
plumes that have been the subJect of most investigationy and in this case a
simple relationship between the inward momentum and a characteristic momentum
of the flame follows. However, im fires of large ares the tendency of the hot
gases to accelerate must be associated with a large pressure drop, greatly
increasing the rate of . entrainments- It seems proper, thereforey in
considering the equation of ‘motiony to include the pressure gradient terms in
studies of large firess .



(¢) Let us follow the path of the entrained air after it has passed the
flame boundary. At the same time as it is imparted an upward velocity by the hot,
rising gases, it will continue to be transported towards the centre of the flame.
Suppose the component of inward velocity is unchanged when across the flame boundary.
Then the trajectory of the air is given by

S‘k""o/-"gv

We deduce from using Equation (4) that if air is to reach the flams axis bsfore
the flame tip, then

L _,i‘ \)”L-’L/ 6'15'
D Z 3 016 (,@,\

which is approximately the same point at which Solution IT and ITI1 tend to diverge
seriously from experiments This simple calculation provides an additional
argument in favour of a greatly increased entrainment rate in large area fires.

It is clear from this model that combustion tends to take place near the edge
of the flamey rather as in the potential core of a jet, the temperature and
velocity thus being greatest in this regions Air entrainment would be expected
therefore to be related to flow properties at the edge of the flame tather than on
the axise .

For L/b we mugt expect some contributim to mixing from air falling into the
fire zone from above,

Conclusion

Three models f'or flames have been examined and compared with experiment,
The best fit is obtained from a theory based on a measurement of flame tip velocity,
but comparison with the conservation equation deduced shows thgt its use is not
justified except for long flamess Equations for flame height deduced from the
conservation equation give a reasonable estimate of flame height when L*% 2 but
outside this range the divergence between theory and experiment 8hows that the use
of some of the basic assumptions is not justifieds It is suggested that there
should be a greatly increased entrainment rate in large area fires, in which
veloeity and temperature profiles, pressure gradients and vertical mixing should be
considered.
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