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SUMMARY

Measurements of the maximum temperature increase in self-heating solids

under sUbstantially sub-critical conditions provide useful estimates of rates

of heat generation at different temperatures. The purpose of this paper is to

calculate theoretically the extent to which these estimates are affected by

consumption of reactant during self-heating.

It is confirmed that the effect of reactant consumption in this region is

considerably less than its effect on the critical condition for thermal \

explosion. For systems having a heat of reaction hi&h enough to permit sharply

defined thermal explosion, the effect of reactant consumption on sUbstantially

sub-critical self-heating can be to reduce the maximum temperature by less than

10 per cent.
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LIST OF SYMBOLS

A = Pre-exponential factor of Arrhenius equation

B = dimensionless adiabatic temperature rise (equation (9))

c = specific heat

E = activation energy

h = surface heat transfer coefficient (convection + radiation)

j = 0, 1,2 respectively for infinite plane slab, infinite cylinder
and sphere

k = rate constant

K = thermal conductivity

n = order of reaction

p = + constant

Q = heat of reaction per unit mass

r = semi-thickness of slab, radius of cylinder or sphere

t =

T = absolute temperature, subscripts 0 and A refer respectively
to centre and ambient

time

eX. =

=

Q' =
0

~ =
...., =

w =

z =

dimensionless surface heat transfer coefficient (equation (5))

dimensionless effective heat transfer coefficient

dimensionless self-heating parameter (equation (4))

dimensionless temperature increase above ambient
Subscript 0 refers to centre of body, s to surface

small constant value of Qo

density

dimensionless time (equation (8))

residual fraction of reactant 1 ~ w ~ 0

dimensionless distance from centre of slab, infinite cylinder
Or sphere.
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INTRODUCTION
O"\. • • , ,... '. ~ -,J ~ -..' ; . ..~

The effect of reactant consumption on the critical condition for thermal

explosion, and on immediately sub-critical temperature"maxima, is now well

established1~3*•. For realistic cases, reactant"consumptio~can increase the.
value of the critical explosion'parameter, and estimates of rates of heat

evolution based ·on·'experimental· thermal 'explosiori"dat'a:, "bY ~ 'factc,'z·';:di u.'p ·Eo " ..~

about 2; beyond this, sharply defined explosion, or ignition, tends to disappear.

A study of SUbstantially'~ub-6riticaltemp~~ature max£ma in practical cases
~ ~ + .. ,'" ~.

of self-heating and ignition can proiide a check on 'the applicability of the

simple thermal .expl.cadon .» model".and, ..in .particular,. y:i,:eld ipf.ol'I!!8tion,.on-·:. ... :<::'.'

SUbSidia'~~ '~~lf~heatin'~' r·e~~~i~n;4. ' '~r~he';~or~'; it has beep..suc.oessfMlly·.· .. ;.:;>

exploited as a calorimetric method, for slow self-heating, by Walker and his

associates5.' 6 . So far, however, it appears ,.thaLno... numeric.al estimates have

been published of the effect of reactarit con~umPt~9n:on the temperature increase

in this substantially sub-critical region. In view of the practical usefulness

of this region, such estimates are desirablej and r ar-e rbhe..objective of this. ~ _..,

paper. These estimates requ~r~ no more than an extension of existing procedures
. "

for near-critical self-heating~ with considerable sim~lifica:ion made possible

by the smallness of the temperature'''inCrEias'es i.iJ.volve~t..
'. .

. .--: ...... ":. ~ ,~~:.: . ,:

.- I.. __

' ... "", .. ,

*Reference 1 compares analytical results; recent numerical results are

given in references 2 and 3. References to earlier work will be foundin these:" .._.-." -- '-' ' ,. , " _... . -~ _ __ _ ..

" I"~" •• '. I'· • : ," '.~ : .. , .. :" :'•

.......



THEORETICAL

The case to be discussed is self-heating in a solid of finite thermal

conductivity with heat loss by convection and radiation to surroundings at

constant temperature. It will be assumed that heat is generated by a reaction

which is ot order. -n . and whose rate varies with temperature' i~' acccz-dance with

the Arrhenius equation. It will be convenient to work in terms of the usual

dimensionless quantities of current thermal explosion theory (see list of

symbols and below).

It is convenient, first, to state the result for small steady-state

temperature increases due to self-heating when reactant consumption can be
. *neglected (zero order reaction) •

,For this case, and the boundary conditi9n

'.

d Q
- s = 0( Q

sd·z

it can ~~ '. sh~wn4<il;at t~e central temperature increase is ~van by

.S.:

- I ,~ ~. ", ;'~', .~~
, .,

2 +~. e
,0<-

•••'"(2)
", I

where j = 0, ' ..1' or 2 ·respectively for a plane slab, infinite cylinder or

sphere and, as usual,'

.Q = E

.. .-
Q -' Qo . when T = To

-E/RTA : ,
2

~ .A..- r Q A e= 2 ••• (4)"RTA
K

D( = ;hr/I{ ...,.....••·...(5)"

*A number of theoretical relationships are available for this case,

differing principally in the degree of approximation applied to the

Arrhenius relationShip4-9.
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on Benson's assumption? of a reaction rate
... • ~ ••.• ' .••. ; • ,. ,- '. ',' -: ~~ :. ~ ; ( I ~ •• '-L,: -. 1;~ J'fJ.':" . ~~.

over, a'-small'range 'of"temperature and gives values

Chambr~ls more accurate analysis 10 employing

Equation (2) is based

independent of'~emp~ritU~e

of Q slightly higher than
o

Frank-Kamenetskiirs exponential approximation to the Arrhenius relationship.

By Lnapec ta.on JFig.2 of ref .4), t~e .,er;:~:!,.. ~IL QC;_lQ,yen_ by ,equation (2) is
. " .. ' ~ , ..

about 15 per cent when Qo = 0.4 and about· 5 per cent when Qo = 0.2.

Using the "effective···transfer" approxiniatioI/ 1," 1. ~ .for· ;the~ 'c6n'durit'ion' 'te:z.m

and the linear approximation for the exponential, e~ (e.f. Wilson8), the

equat.ions -governfng self-heating for ~";~aetioh: of order' 'n° with respect to

the fraction of residual reactant, w, are
. ).. : ...; ~.; ~.I--' ....

-. ': . . "
.' .

" .
~.: ..

. :". \

• •• (7) "
,.- .... ".
•• ~ to. •...

:. ~, '} ...

...' f.e" r:. ,

'J. ,:.:

B

'. • - .. r./~l •.. L:~'~."""" \".' ..':. ~ ..:.i..;·V~~: no" .":~t·.-~,

.' '. (31 ..,""" .=.:~ (.j .+'1 )-" ",:.'-':. ,,,(, :'.' .: : >. ,':'.:.::: ".' ..~:.('.:
,~ ". .~.. ,"

_:'.

. '."o. ," 'o ••

.....

where

(l is the ,~ffective heat transfe~~':::(;<?efficieIt~t'~~-<,has' to\'be evaluated

(see below).

For Qo -e. ~1, :(as is. appropraa.te here} it is,pdssible 'to :writEi'L+ Q~~'=':
. ,. .' .'\

P = const~t".wh~r.e. ,Qo" is assign.ed.a small';constant value', ;Qo"', l. • ..·Using:· :,.,.-,: "

this simplif.icati.o~,.a simple .solu·tion is readily, obtaina~}e':for :the ·cage :(;if :'i.':~','.'­

a first. ordez- re,action,,:(n·=.'1), as,f.ollows~-"··: . ", .=:,.:':, <". ::".";"'" .;. ~':',.;,.":",,~ ..•.::

Integration of equation (7) , with n':=' 1,·, ;for the ·iriitial:·condf.i-Iori"; :,:'~"',::'

w = when":'t" =..O,·c 'and subs.Htu'tiorr into equation' (:6')' :gives ':\' "" ::l :,: .. :: :,:

• • • •~. L·.... •
. ~.. r ~: .~~. : ","+-'

", ... ", T •

' .. "

.. d Q' ::.'. -)p8~/B"

... , ... d ;; .=: . 'p~e
..n' "rr ·Qo ..

: .:' < • J" • I ;" • ~ ! ~ ". : ~'. ;. .: • ;: ', 'I". !,~ ·~I.

• ~ ': :~: I t

., ," +, .' e,

This may be integrated (initi~l condition Qo::: 0 when .,... = 0) to giv'?

g.
o

B= Ba -

-- . I .

- (3 ""-/Ba
(e - e

-(1''1'
) ••• (11)

where a

- "'5 -



9 can be shown to have a maximum value, 9·, , whe':! 1"=,.'r..,
,0 . Olllllq:,'

where
,',

.,...., _ 'Ba loger' Ba
- j3/(Ba-1) ,

Substitution of equation (12) into equation (11) gives
Ba

B(Ba
')' '":' ~1

go max··=

, ••• (12)

••• (13)
.. ;

9
0

max should converge to the value of

becomes large and reactant consumption

equation (13) gives

9 given by equation (2) as B
o

can be neglected. When B+Qq ,

= ~'(1 +9' ) ~
(3' 0

9'
o ••• ( 14)

Here, 9 " "becomes
0.' max

putting B =00, /t:
the steady state temperature

= QO in equation (11).

increase obtained by

Identify1ng9' with 9 " the effective heat transfer coefficient,o 0 max
;3, can be evaluated by comparing equation (14) with equation (2)

(which does not involve approximation of the 'conduction term4). We then have

/

~= ••• ( 15)

relative

9~ arising

is of the

in Fig.1,1. For, the example' plotted

and may be neglected~

Using equation (14) to define a, and treating this as constant,

,Q has been calculated as a function of B from equation (13) 'and is
o max

shown in Fig.1 for, Go'max = 0.2 at B = 00 (this corresponds to a

temperature increase of about 50C for some realistic values of E and TA,
equation (3)). ,The value of S is 0.98.

It can be shown ,by differentiation of equation (13) that the
/ (

error in 9
0
m~ due to a possible relative error, ~ 9

0/90
' in

from the assumption that 9/ is constant for all values of B,, 0

order .. _(9,)2 A if /9/ forBa ~
o 0 0

it is of the order ., -0.04 D.'lI9~
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The o6~responding relationship ,for ~m the time to the 'maximum'

temperature increase, is ,shown in Fig.2. ,This involves explicit evaluation of

(1~ (see equation' (12) );. curves are shown 'for 01. = 00, and c<:::: 1. '

The lower value, of 0< necessarily implies a lower value of S, for g~ ::: 0.2,

namely S ::: 0.33. The fraction of reactant consumed in reaching the maximum­

temperature, calculated by inserting ~~ into the integrated rate equation,m
is shown in Fig. 3; it is independent of 01.

For a second order reaction (n::: 2~ integration of equation (7) and

substitution into equation ~6) gives

TI ~ (1' +' BP S 'l" ) -2 - A I "'0 . , (- )
1:' <' t " e ••• '16

This equation has a solution in terms of the exponential integral' but the..

maximUm value of g cannot be located without considerable comp'utat·i'on. ,,'.'

Therefore, this has been done by direct ~tegration or' the equation on ."a': desk

electronic calculator using a Runge - Kutta procedure with an integration

interval' of 0.01 ' (a check with an intervai of 0.005 co~fi~med' that 0.01 was ",.. ... ~

generally adequate), Qo max 'being located from the results by inspection.

go max for the second order' reaction, obtained in this way, i~" pi~tted in" , ..

Fig.1 for the same value of p~/(.S' as for the first order 'reaction.

Putting, dgo!d"...::: 0 in equation (16) and'rearranging, the loci of

maxima of go are given by

f1~ Q
(3' a max

••• (17).

~ ~ - .
,-

Heire, as for the first order react,ion, the group p 8/;1' is taken as, • "

constant (c.f. equation (14»and is independent of 0< • Since, from.

equation ('17),' (p 8/(3/ )Qo max is defined by the product (3~,!, for

any given value of B, it follows that go max (B) is independent of 0< but

that 'the corresponding values of ~ ;l-m.will .~epend on 0< (c.f.equatio~-

(15» - as in the case of the first order reaction. Values of ~ for' the"
ol"<1~ m '

second/reaction, identified by inspection from the numerical integration of

eq~ation (16) for ex. :::00, have peen plo~ted in Fig. 2 fo~ ot ::: 00 and

0( ::: 1 using equation (17). The reactant consumption is shown in Fig.3.

A further reaction type of common interest is a first order autocatalytic

reaction for which the rate may be expressed in the form

dw
d t ::: k(w + w) (1 - w),o Wo 4;: 1 = constant ••• ( 18)

- ~ -



For this type, it may be concluded from the quasi-stationary model 'of

Merzhanov and Dubovitskii13 that the maximum temperature rise in sub-critical

self-heating will always 'be close to the value expected' for the maximum rat~

(given approximately by k/4)., Any discrepancy must'be less than that for'a

simple first order reaction.

DISCUSS+ON

Effective orders of reaction in the range 0 to 2 may be expected to'cover'

a wide range of practical cases of self-heating in solids. In this range ( the

effect of reactant consumption on the maximum temperature increase in b'odi~i{at'

ambient temperatures considerably below critical values is relatively small.

For example" the results in Fig. f show, th/!-t, for a first order reaction, the

temperature maximum in a sphere, at an ambient temperature corresponding to

~ ~ 1, is only 10 per cent below the value expected for a zero order"reaction

(B =00) when' B i,:, as low as 8. At this value of B, the "critical" value of,'

~ for'the~m~ explosion in a sphere is about 2.7 times the value expected

for a zero order ';eaction, i.e. about 9. For a reaction doubling in rate for' a .

temperature dricr-eaee Of'1 OOC, the value ~ = 1, thus corresponds to an ,ambient "

temperature about 300C below "critical". At this level of B, the temp,erature

maximum for a second order reaction is about 15 per cent below the value

expected for a zero order reaction.

At values of B as low as 8, however, "critical", or sharply defined,

explosion behaviour does not occur. For this3, B has to be greater than about

14. Even at this level, ignition is not, theoretically really sharply defined3

although, in practice, it may be sUfficiently s04. At these higher levels of

B it may be concluded that sub-critical self-heating behaviour and critical

ignition behaviour will be reasonably consistent on the basis of a model which

ignores reactant consumption. It may then be found that estimates of rates of,

heat generation based on self-heating data are up to about twice the estimates
, ,

from critical ignition 'data. Where much larger discrepancies are encountered,

an explanation other than neglect of reactant consumption must be sought, e.g.

the presence of subsidiary exothermic reactions4•

The amount of reactant consumed in attaining these small maximum

temperatures is small. Explicitly, at a value ofS giv~g a ~ximum temperature

increase, g , of 0.2 when B = co , the reactan,t consumpt~,'on does noto max
exceed 10 per,cent until B is below 7 for a first order r~action and below

5 for a second order reaction.

- 6 -
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