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Thiz note derives the principles hy which certain heat conduction
problems may be zolv.d when thw solution of' & related problem iz known,
“he limiltétions in the L.golll‘u‘(,lcm of these rinaiples to the srediction |
of the fire-resistance of building structm‘ es, tested in tccordance with
L76 : 1953, erc discuassed, ;
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(1) Intreduction

. The aolution of a heat on'luctmn prbblcm mz"' be described
mathometically ns the application of boundary conditions to o pair of
differential equations, Uhe object of this note is to show that it is
often possible to scgie the vi rious guentitics in the equations in such
a renner that whole deries of probloms roduce to one matheuatical
problem, “hen this problem is solved, poosilbly experimentelly, the
solutions of the cthers con be predicted directly.

It ia ssswaed thot temperature is the one quantity thet musv not
bo scaled (wrlm::w.,w beceuse the thomol nr ,":r-'r‘.;icrspi' many nstevials
vnrj w:\th tumpr.:r‘{.tmu) and in Appondices 'i) 2 oond 3 ‘:Ya\ relation between

other S\c.s.l.m fretors s derivad, i, Uhas 6. lJ.IhJuld\J. In wonlying
thc scaling princivles to a swlw of onmm, apecial wltention rwst
bz ppid to the voyfdary conditions to enswre thot they still hold after
the varioug: QuUANAL tius nave besit sealed, My boundoaxy cénditions will,
for example, concern heat flux pur wnil sres and uniu' these ¢ unm.fmces
this quantity musy not be subjected wo sealing,  Consideration ol ths
equations piven in the irnzndices shows thot the neale of heat flux per
undt arec mey be consldersd inverian L inscead of temperaturs, bub this
case is not considercd, '

Very feow practieal pro ]c:m involve only & process of heat conduction,
end the effect on ucc*l:mu of esuzociated processes must be considered,
In apolying the scalin, princinles to tie prediction of the fire -resistance‘
o* building structures (L3, L76 : 1953) o further complication arises.
A Dixed Turnace ti 14=-—Jnngu;atm~c surve hwg been prescribed in this St andard
and in ell fire-rssistunce tests the furnace tumperature is controlled in.
db(‘OI‘du\"‘LL with this curve, Tow with tiw wmethod of scaling described,
iime is edweys, oxzcept in very special circumstances, & scaled quantity
end t}.u'; any predictions based on 4 normel test result vill apply to a
furnsee boundary condition refirred to the varong scale of time.  The
efTect o' this fretor ney, how“vc.r be ‘..m.wlde:aolj reduced Ly consgidering
the time eceling ferctor ko be reised to the pover 0:8°

=

(2) the orinciples of sesling in o heat conduction proolem

In iAppendices 1, 2 and 3, the efect is considered of sceling
dimensions in which there is o component of heat flow by & frotor q,
«the r—ml C.Ol"xduct“vl‘«:j by a foctor w and the product density x specific
heat (ps) by o factor n, Appendices 1 and 2 refer to cases in which
the“e 15 no component ol heat {flow in onc or two dimensions, Such
dimensions do not eater into the thermal problem and war be scaled by any
convenicnt fzctor, Total heat flux is the only uuautlty aflected by this
action, which therefare werely governs the power consumption from the
heat mource controliing the boundary conditions,

It i5 shown that the cquations ramed~ consistent and the problem
thus unnltered pmv;dcd tine be considesud to be scul:.d by the factor
ng?/m  ond heot flux ver unit area by m/q.

The following is an exampgle of the z\pplicatlon of the above
principles to a heut conduction problem,

Example 1

Suppose the first structure considered were a 10 inch diemeter
colwin, of considerable height, and that the exterior temperature
erc rai.md to and maintained at 1 OOOO(, Suppose thot after
 hour the temperature 3 inches { rom the surfsce rose to H00°C,
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Then the time tolcon Jor ihe tv:'mera ure to rise to hO\loc at. &

point 6 inches ‘rofn the nn"‘aco of a 20 inch column could be
predicted even thaiph the structure might be composed of o material
£ three timos the tm.n.]ul conduc..wiu end fourt'times the thermnl
capacity (i.e, four timns 'the *aroduct {36 ).

The factors, q = x /X, H.l = k /k. and n = f"s'/P N

would heve velues of 2, 3 and 4 :v;p@ctively, zmd thus the tims
scaling factor would have a value nq2 2/n = 4o22/3 = 16/3, 'whe
tempe ature of 4000C viould thewrsfore be L.ttain..d ot & point

6 inches from the surlace of the 20 inch dinmeter columa in a
time of & x 16/3 = 4 hours, h

It will be noted that in the cbove example the boundery condition
does not involve scaled quaniities (in particulur time ond heet {lux
per undt aren). Ixomrlsg includdng such conditions will be LJ.Vf)n in a.
leter paragreph, .

o Wost practicel yroblems in which the lieat Mlow ds largzely o process
of heat conduction involve various otker processes ot the same time,
“he effect on scaling of the principel associnted processes found in
flre-resistence tests will now be diccussed, together viith the hmtafions
in the application of the scaling technlque descmbcd

(3) Boundary conditions

In a practicai problem bowdary conditions will probably involve
either time or heat flux per uwnit a.roa (2.2 cooling to atmosphere) and
any predictiona concerning scaled structures would therefore apply for
boundary conditions refsrrin: to scaled time a scaled heat flux per
unit aren, ‘the folloving examples illustrete the above statement.

Exomple 2

Suppose, in Example 1, that the boundaxy condition applying
to the first structure h.d been not merely that the emern.ul.
‘mepemture hrd been raised to and meintained at ™ OOJ ¢ but that -
cfter f-hour it had been raised & further 5000C, xhex the '
predictions concerning the seco’:d structure would have refermd
to un initisl externsl temperature of 1,0009C followed by a rise
of 500°C after a time & x 16/3 = 2 hours LO minutes,
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Bxample 3 . B

= Supypose the boundory condition in Bxerple 1 had been hha’c
the exterdor surface had been subjected to & heat Tlux per anit
area of 1-tal/em?/sec and it had been assumed thut there were no
losses from that surface, low heat flux scules us rr;/ a which,
considering the second structure, has tie value 3/2 = 1.5,  Tho
predictions concerning the second structure would thcre,ore
refer to o heat flux per unit area boundam_, condition at the

exterior surfacc of 1.5 cel/cm?/sec,

heerned, tho time
wifico o fire-resistance

A

S0 for as fire-resistence problems are
boundary condition limitation:is importon
furnece is wmade %, ollo.‘ a stundarc‘l time *rfperuture curve, In a
~ previous note, ( solely congerned with thascaling of dimensions in
“a firec-resistonce prob]:an, an empirdeel relation hos been derived to

cater for the use of the standard time—+omp/~*ra1,ure: curve and an
approximation of the relation is applicw‘olm to the more general method
of ‘scaling described in this note,  The time ec .%igg factor shouid be
ralseg §° the power 0+8 and thus becc,u\'.as noa/m)

A _’cabla of

!

is given in Appendix z;,
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In the same note (1) an empirical reletion has been derived
catering for the fect thot coeling to the atmosphere cannot be scaled,
This relation has not, however, been extended to cover scaling techniques
in which I and the product p$ are scoled, " here cooling to the
atmosphere is involved in fire-resistence problems (e.g. ‘.alls and
floors) the scaling should thersfore be planned such that /g is
constant i,e, such that Jimensions scele by the same factor es thu el
conductivity,

. . . ~ . . . .
(5 Veriotions of thermal propertisc wilh Soanufpliiy
I

Yhere K and tho srodvet 29 are Minchicont o fonnerature and
ghould more properly be writton .1 & () wd (u_.,r o) , then
the new values of themmal cendug uwii cod ibe product P wust be of
the form wd (&) wund o /{\;‘H e prool of thdo rule, in
more specialised circumstancos, is ot Ivon moevieus nste ﬁ')

(5) The efrect of

o wa .-

»

The fact that two o the mapcipal cilecte of vawer are commalible
with the sealing of dimonsicas (1.6, vse 28 the mc,.,v:r q ) is proved
in a provicus note (2) wnd id ds aleo siwied Ul the thicd 'ul_'or’tant
effect, that of migretion, is probubly also compatible, o o close
approximetion, o

The proof may. easily be extended to cover the wse of the factor m,
The uso of the scoling factor n, however, vould imply that the
equivalent weight of water per unit volume werc also scaled by n,

(6) The effect of esvities and imperfoct yhermel conbact ;

1
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In o previous note (2) it is stofed that the effect, on sczling,
of iuperfect thermal contact at interfaces way be neglected, as also
may the effect of cavities provided it can be seen, from their peometry,

that they do not play a substentinl mr* in heat trrmrs.; er.

by

_ Uhere the covitics are substantiel compured with th:, m ‘¢ag throug,h
woich heat is flowing, the sceling lavs given in this note'\will still
L."in‘,, to a close approdwmation, previded neat fluv per wiit wrea

remains unsceled, i,e. provided ofp = 1, Co

(7) The_scaling of composite siructures

thore a structure is composed of seversl differcnt materials and
heat flow is onﬂ-dlmz.n.,lmﬂ the sceling factors applied fo the
different sections of the ohy 'ummm nacd not nnws*:arlly b the seme s
although strict limitations eppiy to the use of such a techaicue, “he
ceales of hent flux per unit.sres and ©ire mist be constant throughout
the material and thus r1q2 /m end m/es must be constant, Solving between
thene equations gives the conditions that, throughout the structure,
the product qn oand the quotiont w/q mist be constant,

The fact that the scaling factor q {(apslied to dimensions in

- which there is a component of heat flox.) may be variable 'l:hrougbout a
structure only has physicel significance wien the concept is confined
to ane dimension,

Mn intercsting specdal case arises wlwn @ n = . i,e. vs]n.m the
cproducts Kp§  for two materials are the srme ond when o/m = 1, The
two slabs of material, of thickness pI‘Op“I‘u’LCl‘\&l to their thermal
conductivitics, will be,havc identicelly, irrespective of bhoundsry
conditions tmd whether or not they be in o composite structure.




Conclusions .
The principles of scaling describcd In this note uny be appliea
to fire-resistance problems provided:-

1) if a standard time-temperature onrve is used the ¢ jc acal
- factor be raised to the power 003,

2) if the structure ba 2 wull or a floor, the’ratio of the
dimensional and thzean: LJTlUCfl"ij "C'lfhg factors (q/m)
must be undty, Uil sosteiotion alic apollics 1 large
cavitien exist in"the civunture

© Alternmatively if n (and also n) be unity th? 3mpirical
sceling lew given in o previeus nots wny be used i

if ‘weter be present in’ wicture Lhe quantity nust bear a
specified ratio to the therar anoesty of the conielaning
naterial,

if thermal propertics of componant materials are functions af
tenperature then for the replesing maturln‘sztne functicnus must
be the Bang, . T
L ?“. i
if composite structures'are being considered end it is desired
tovery m, n and q thyoughout the scaled version, the product.

cLﬂ end tho quotient 'q/m mugt be constant,

_ This note is entlxely codcern“d vwith prudictnng times to attain
specified temperaturis, As mechapical failuwre in a fire-resistance
est is generally a function of temperature the priuciples described
are almost clways directly applicable, -
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£ heat conducclon ﬁroblca.s“

&:

The flow of heat by coniluetion in & one é&lmensional problem is
governed by the folloving crquations:- -

Vor v ’ (f)

and

where the Lyubols are delined in Appendix 5,

X, &, and the product p3& be scaled by the foctors ¢,
and 0 respoetively whilst O be leftunscaled, then the cquaticrs
will remain consistoni i modified as ‘{’bllowsw

Z_'\.:f:_’_ = e K s : “u-},-v(})
({,&‘l‘ : me JHJZ, JCL‘.!C. | :

d
Q“Mr
?%°

(77 ¥

) . : v’
vhus time t becomes At
ez " o e e Y
trea rx,/fl‘ oz beeoiss

L% J

i;

e . . . = i ‘ s

Thz dimensions » and 2z do not enter into ti t}wrrw . problem
end may be scaled by sdditionel Yectors  u o ands w,.. Such adibn would
not affect the rete of flow of heat per unit area \hlcl\ \:uul«. remain

but would change total heat flux I, to v o F e
Ab "DI.{ 2

Rk

Sealing in a_two dimemlon'ﬂ hest_conduction problem

The flow of hoat by conduc,tlor‘ in & two dimensional problem is
poverned by the folloving equations:- :

Sy 7.Q9 (e

RS )

AF"‘ Jx-* --@S
bqa ‘ d«ae

w_hére the symbols are defined in Appexidix 5.




£ x and y be scaled by q, eond X and the Jroduct FS be
scaled by m and n reapectively, vh:.ls* 0 be lelft unscclcd tnen

PR

the equations will remein consistent if modified as follovs:-

O PR (L
(m " LY *HL?( z - veeans (74)
3 Jo -
mF = “‘7”"«5((5'5;3(— Ja — R b)

T d Yy G
1 3 (

and T
dm F-L BON
oq.‘x’ gcp\.-b r > cSct? ™ —n, ,05 vac 5513 518-;;-11_.{ (8')"

‘ “l‘us time t  ‘becoucs »—3; t  and rate of flow of heat per unit area

- y F . {2
s 55 or F " ¢ becomes % x .’1’."—
n/fx.«f?- | y/ x5z Rty . \g

The =z dimension doco ~o‘r enter into the fhermal problem and-meay
be scaled by eany iactor wv. fach nction uould l'lOu ai‘fec:u ‘the rate of
flow of heat per unit arce, »I".J»L.u vould remain M( f

lgn) TR

tut it muld change heat flux to vnwx or vmlY

AL: PEl TDIJ

Seallng in a three dimensicmax _hza% conduction problem

]

The flow of hoid by l,rmducta.ox' in o tiweoo dinensional problem
is governed by . uhe I‘ollomng Uqum:mns--.

: T o
Fx_: - K ()’3, 2 —i»—-—- ' eeeene (90)

O' X

el (9D)

F? w2 - 5.).. §z & "r"---‘

¥

Fo= "K 5’“ a ‘Jz BT (99’),

&rd érﬁ Jac-;— ——:r_ Ja+ ~2 5: ,-—-Ps J:x; JH (z Xt {10)

where the aymbols. ade dafined in Appendix 5,




If x,°% and z be scaled by q, and X and the product PS be
scaled by..m oand n respec'tlvelv whilast~ @ oe le“‘t wisceled, then
“the "qnationa will remein consi ar,mt i modifiedan follewim- =~

Y

L

veress (11a)

b=k dqydyz.
”ﬁ”(ﬂw

. (11e)

. q h Sas \'
e - x -LM IR 2 gz = - 0 y.da = -9 '
:1 upc. CUJC-#- %#A —&L.z (5{{? n{)s a,ctx: ;15 da ngt Qa\)

Thus time t becomes mL L and rote of lav of heet per

unit area
F. e g
J:;/Crblé?. : (7/ u:rC. Ori. N Z;/o,)f‘ 5/

tecomes - ' Fe or 1‘.‘-( F '“ \
q (ga, J:.) \ q \d>d=z '

.
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I
Lint of symbols

Cartesian co-ordinaten
Time
Temperaturs sine

somponents of hpat
Lhe dircetiens «, v »

ihermal conductivity

Density

Lo dimensicnn
Llow
sallng factors applied to dimensions in vhich there

A

is no compenent of heat flow -

Scaling factor applied to thermal cenductivity ¥
& ap

Sealing factor applied to g:roduct'.iO'S"""’”‘““‘“‘




	00001.tif
	00002.tif
	00003.tif
	00004.tif
	00005.tif
	00006.tif
	00007.tif
	00008.tif
	00009.tif



