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Examplo 1------

It is 3hovm that the cqu:ctians r01na:!.-. consis'tcnt and the proble"l
thus unaltered pr'ovided time be consid0;:~d to bt) smlled by the fuetor
nq2/m and ht)[;.t nux per unit urcn by m/q. .

\'

Suppose the first structure considered vlere Do -10 inch dir.meter
COhUi'J1 1 of considt."rable height, and that the exterior temIXlrnture
\~ere rDi3(~d. to nnd lM.intn.iaed at 1, CXX)°C. Suppose tho.t after
~; hour the temperature 3 inches from the surfllce rose to hOOoe.

Tho follO\r.i.ng ill an o>:am~le of tho £1.Pi)licntion of the nbove
principles to a heat conduction problem.

by'

, '!.'he nolutior: 0:" n heat conduction prbblcm muy be described
1'.\r.~\hCt:I!1ticnlly I:HJ t.h,~ npplication 01' boundar-y condf.ti.ons to a pair of
di~'fcrentid equat.Lona, '.':IC ObjC1Ct of th:i a noto in to show that it is
often posai.b'Io to sqin th::: vr.rLoun quantitic~ in t he cl1uc:Lions in such
n r.anncr- th;~ t who'l,c ~:cl':;'e:; of ')1"0 bleras r!)du(;(~ ·co one mutheuaticul
problem. 'Tten thi c problem iu' s oIvcd , pO:J~1il;1.~· cY.porimenta.lly. the
~olutionl3 0:' the (it/h)!':'J Cr.:1 be fJl\.·dictcd dir('cU.y.

It in o.i'lG~;l\:d t)1;.lt t()m~)()lT.t;ll.::::' in Lh: one (;unntil:J' tht'.t muac not ~r
bo eccLcd (p1'inc':TI ', J.l;j·· becauae tile: tLc.I~.I:Jl proi:.crticn ..0:: nany r.'l:':.tcl·inls
Vtu'y \filth tcmp,;;rdu.\:'c) and i.n j,;;p:.:nc:i"'.8 i J ;! ,:'11} 3 tl~ relation between
other- "\"1··'·· ", 't·· ". ',.,' . ""1 ,,, 't' ',' , "··;'l·j~ -r- ,).. I1.";ngOw ...... .4 ~ en. l.ll(.; J. l ... ~,:,,\.u~.1 J....;; ~.\crJ.\ "'It " .•..I,~ J.l.r!. .~..L.-' 1,·., ~.,l.U1l~)\oI o~~ ..:..n "'"l- ~.),.ltJ'"

thu sC1Qin:.:, ll~'inc~pllJ:) to Il~,l:ri,~~; or ]:ro bj,e,~f;i I ;;',1."~ ci 0.1 ·c:Lt(.~nU,on r.IUf, t
be pnid b::\ the bOljhc.~u'J COHCl:J.ti0113 to ensur-e tk.t: ::he;:f t::till hold o.:i.'ter
th~ vnriouci:c.'1W'~~~~.f;;i~8 havo cccn i;Cicl<d. ;'~Jn:' bourxlnry cc.hdi tions \li11,
for exernp.l e I concer-n heu t f'1!1X i:'.;l' unit i.~ r'Cl'. and under these circlllilstances
this '-luanti t~r mU13 ~ not bi~\ GUbJr.ictf~·(1 'co ti~.~r.J.in~'. Considcrn.tion 0::'\ .t~hD

equations g:lvcn :b t;I,,; j':"~'''Jndice:J [jilO'.:O thc:c\;he .icafe of hea.t f'Lux per
unit ar-ea m!~,;' be 1,;()rlJichll'::'; invl.:r:L:.u:L Lnsc cad of te~;lpcJ:·D.tu:rt~, but this
cc..sc i'3 not cor:t;i:18rC~~,. '

Vcr;; 2()\1 jlr,:\c'ticI,l pr obl.o.ns involve only 6. proccaa 0;' heat conductd.on,
end the effect en sccJ..in.· Cif: r.s~\ocir:.ted nroceaecs must be consddered,
In IIp)lyil1.~~ tho sc;alini:: pr:i.nGipl::~s to ti1~ prediction of the fire-resistz.nce
of building structures (1~. :3. L:.76 : '1953) U further complioo.tion arises •
•'. fixed ;,'urnace ti::H."-tOi'l,1tJl·dlU'0 '~lU"VC h£1.:3 been prescribed in this "Standard
and in nll ";-'irc-resistanc(: t eats the ~~urnacc tCJii1porature in controlle~· in
accordanc o ,lith thin curve, ow \lith tho l:,cthClcl of' scaling ccsc:dbed,
i.ime i::: elm.y::;, except in VC1'Y spc cd.aI c.i.r-cirns ta.ncea , a see.Led quantity
and thus any [Jr<::didions be.sed on a normal tent result will apply to a.
furnr.cc boundary condi.tion re:',(~rr'ed to thic' y,"'o,',[ scale of time. '.:!he
effect 01' this f"ctor r,le.~T} hO\l:::','01'. be consi.d er-ao ly r~.cluccd by consaderang
the thlC Bcdin;; :['[,ctor to be r8.i:3~d to ehc power o· S:J

I ,
t.

In App:;)n(;licen II 2 and 3, the c,':'ect is cons.idcred 01' seelins;
c.imen:;ions in whf.ch there is U comnoncnt of' h.·:o.·~ f10\: by a :f'nctor q•

. thermal c~nduct5.vity h~r c. 1'.1 etor ;,1 and the product density x specif'Lc
heat (p g) by e. factor n, ;,ppcnc1ic:es 1 nlid 2 refer to canes Ln \ih1.ch
there 1.:3 no cOlllpon0nt 0:: heat 210'0'1 in one or hlO dimensions. Such
dirllens1.ons do I,ot G:-lter into the thcrmcl rJl'\)'ulcm L'.nd 1;1':\;:.' be Dcnled by any
conven:!.(mt factor. '~'ot.?,l heat i'lux is Ule only quantity ~f':::octc(l b,Y this
action, \'Ihioh thl)C'cf'Ol.'c merely coverns the power consumption from the
heat f:lOlU'Ce controLdllg the: bound nry conchtions.
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'l'hen the time tcl,:(;)) :,'0'1:' tl\;1,) t.t'mpc:raturo to riso to hO\',oC C,t. c.
podrrt 6 inches ~rofll the ~IUl'fr46o o,t' 0.20 inch, column could be
predicted even thci~'~i.,;h t~'~s'i;ructLU'e might becompoacd of t\ mnterinl
of' three t1moa the t hermu L conductivity End four·:times the thertnnl
ca,po.city (Le, four timos'th(;:.~~roduct PS),

, V, I , I

'l'he f'llctors, q = x lx., 1,',1;1 '= lc /k and n = r oS Ip oS

would hcve val ues of' 2., 3 and 4.. :'CspMtively, And thus the time
Ilculinl.o fuetor would have a va Iue l"::12/nl '" l~. 22/ 3 r. 16/3. r~he
tempel;,turo of 4000C \lQu1d t'1el'cf'Ol'e ,1)e dbin~a p,t 0. POil1t
6 inches i'rom the eurf'xce of' tho 20 il'(~h~li.'JJlleter collUlU1 in 0.

tim" of' ~~ x ., 6/3 = 4. hourn, '

It will be noted that in the above exampl.e the boundnry conda tion
does not :tnvo~n sca'l.cd quamitics (in partioubr time end hect f'lux
per unit urea}, l:JcDm:', lrHl inclwUn:, Ijll~hcor~i.litions i7ill be givl)n in n
lc.ter purugrcph,

1lost practicel r)robl(~lil3 in which th", jl~:lt ~"'lcm io lnl'(:;cly .1 process
01' heat conduction involve vardouc oU';t~r processee d t~ s ame time.
~hc effect on sc<'lb",. or tho principul associn ted processes round in
fU'e-resiatunce "test::; will nO';.. be c1i:::'c'J;;~ed, togother vrith the lird. tations
in the npplicfltiol~ of the sClllinL technique described.

(3) fuundury conditioEE,.

In a pra.ctical prob.lem boundary conditions will probably involve
eUher time or heat flux per l:u.'1lt ar-ea (e.g. cooli.ng to c,tmosphere) and
a.\'1y predictions concerrung scaled structures "lould t'hercfore· apply, for
boundary condi tions referrin:~ to acafed time or scaled. heat nux per
unit area, 'l'ha i'ollm:ing exempIe a i.l1uatre.te the above statement.

Exomple 2.

Suppose, in Example 1, that the bounlo.r'J' cbtrliUo'1 applying
to the first structure h:..d been not merely that the ex~ernc.1,

temperature hLd been raised to and rndntainedct 1,00':PO bu·1; that
l:'.fter '~'-hour it had been raised 1.1- further 50000. 'i.'hen the .'
predictions concerning the seetLd structure would have r-ef'er'r'cd
to an initic.l external. tOl'.1pera. t ur e of 1, OIJOoC f'ollovred b~' arise
of' 50(,00 /If'ter D. time ': xi 6/3 = 2 hours 4.0 minutes.

~.:. Suppooc the 'boundary condition in E.\":r.mple 1 had been 'l;h£.t
the exterl\or aurf'ace had been subjected 1:0 a heat flux P(~l' .mi,t
urea of' 1'i,aJjcm2/soc and it had" been !'.rl[1umed thht there Here no
Loases from tha.t surf'ace; Hovi hOLY:: fluX. sc~.le3 1.13 nyq \!hiCh,
conoidering tho uecond structure, has t:-.e vaLue 3/2 =':1. 5. :~ho

predictions concerning tho aecond e tructui-e vouId thel'ei'ore
rofer t o n heat 1'1ux per unit or-ca be u11dM;'i candition o.t the
exterior surface oi' "·5 coJ/cm2/ soc . ~~t

,\,\ ,\."J
So fox us fire -rcsistc..ncc problems v.re;:,oi;,hcernoc1, tho time

boundary condition limitatiion; is im?orto.nt);i0.if~o·a fire-resistnnce
furnace is made rQ folloy!' a stnndC\.l'd time~~ci?pcrntl1l'e curve. In a
previous note, ( ) sole~y concerned \1ith ,tha'[30alingo; dimonsions in
a £'irc-resisto.t1oe prob'13~m, an i;lmpiricc.l ::;Cll!:tion h0.5 been derived to
cater for the uno of the atundo.:r:-d time-tc"jF./~r£li'\ll'e curve and an
approximabaon of' tho relation is applic'~:'bl/f to the mare genero.l method
of scaling deacribed in this note. TflS' ti.(ne "c~~igg f'Mtor should be
roine8~0 the pOYler 0-8 and thus becall~~s Jn112/m) • • A tnble of
A = b' is given in Apper'.dix lh ',,:!/' .
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'l'he effect of.' cnvitifJH find ilTlncr:f'(:ct '~·,herlllc.l contacb :,\t interf'c.ces....... ~ .•- - __ ._ _ - __- _~ .• _ _ _'., - _ _.~ _ "'''l' ", - .• -'" _.( 6)

In 0. previous note (2) it is stated Lhnt the effect, on scaling,
of im:)crfect t he naa'l contact at interfaces fday be negIected , as also
mny the ef'rect o:t CI:.vitic3 provided it can be seen, from their geometry,
t hat; they do n:)-I; play a su'br~tl:'.l1ti,').l par-t in heat trl'...nsfcr.

I:'
I'

·..t~re the cavit i.c s are :Jubstantie.1 compar-ed v"ith thO~}J.l:eo.s tlu'ough
wni ch hec.t i:3 1'lOl:in:::;, t he Bcal'i.'1S In.\·I~: !:;iveii in thi:"1 l1ote\tiJ.i sti.ll
epply, to n c Loce I,l.pI>rorill1£l.t:i.on, provided i1cat f'll'..'V; per url:lt'~~ea

remains unacc.Led , i.::;, Frovideci q/m '" 'I.

'l'hc fuct ·!.hr.,t two 0;' ·~h·.; :l1':-..ncil:':J.l c::'·~c;;t.'~ of' i;·:,_''::r' ar.J ccm~)c.·~ible

,.ith t.ho "'cCl'r\" 0" ('11' ; ..,~ f··. " ~" t'-~ T·,C···~· n ) 4" m-oved.......... ~.l oJ..;..::. J. ~ ... m:_'_\·'l ..... C:I ....# \.1.."'. U..,;;.v , ....l. ,L.,..• ..l~l ~7....J.. "'L ... 0·.:........
an n prevaous nc tc (.2) br~':l it is r:~.Jtl') ~ ~t'~t.ell Lh~j"l t;IU th:L:cd lmporialit
ef'f'ec t , that of migr().ticJll, is r:rub...:.bly a.Iso compatible, to L\ close
uppr'oxamutLon, (.,

l!herc h. D.:ld tho~';r()d.1.'~·:~ ,:."fj ··:.rf~ r'Ii,j'\( ";'i.·:<1~.1 c,~· t.~r;l1r\"'::rattf.re a.nd
nhouLd mor-e lXCOpcl'ly boo \Id.ti;o:, ~. (t:;) ".,d (p':;rt0) I then

t'lO new val.uca oJ' tnennal ccnduc t i v:' t·! c.c:J l.()~' product rS blunt be of'
tho form m;;:;:' (~) L..nd n (r~)f'(e) '. ., ;):'C'')~' c;' th:Ls .ru Ie . in
more specialised ci.rcumf,rbn·c·~H, '1:'; ;•.- - ,. '. j·l~:.(;':iv,,::; not.o t;~) ..

1.n into:cf.:sting npecio.l C1UW nrisos ',lll<:1l~ ',n n '-'. i. tl. \'!l.~:il the
pl'CYlucts l:fS f'or two materials o.re the SfJ11C CJlrl "lion ev'm = 1. The
two slabs 01 IDfO.tcritu, of thickness prop,.)r·~icnul to thoirthcrmfl.l
contitJ.ctivltieo, will behave ic1enticaJ.l.y, :i.rrcspcc·i;ivc of: bound&ry
conditions lU1d whotr.er or not they be in tl. composi't;e structure.
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'l'he prcor way. easi Ly be extended 1:0 cover the me of tho fc.ctor Tn.

'I'he uno of the sCI..'...linS factor n, hovever , woul.d imply thD.t the
equivalent ":eight of watez- f.er unit voLumc \lore al so scaled by n,

In the s ame note (1) I1n empirical relc.tioi1 has been derivod
caterd.ng i'(,r the i'£.ct thlJ.tcoqlil\.~ to the atmosphere cannot be acal.ed,
Thil.l rclat Lon has not, however , been extended to covor Gcaling techn:tquel:i
in which ';e and the product pS are ace.Ied , . .here coolinG to the
atnospherc i5, involved in firc-resistc.llcc problems (e.g. Halls and
flooro) the Dedi.ns should therefore be pl.unned such that Io/q in r.
constant i. e. such thut dilr.cl1oions nce.Lc by th",) uame :·t'.ctor aa thel'tllnl
conductivi ty,

\t1lOre a structure is composed o~' aeverc.L c.lifferc:nt ::laterir.J.D and
heat flow is one -dd.mensi.ona l J tiJ::~ :;;cl~ling rllotors applied r,? the
different aect i ons of.' the ::I;!'ll',:i.;IIJ'f: need no c nccescor-Lly biVthe aame ,
a.Lthough strict limituti()n~~ (".p~}lj';;o 't:lC u.se 0:.'.' such u tednlic:uc. ~'he

ccal.es of' herrb flux pe r urtl t nrefJ. an:J -;;:iT';"~ :j]\~-';'t he conatairt tlu'~uShol\t

the mnteriul and t hus nq2/m end mitt mUf:;t be constant. Solving between
thel'.le equations givcl'.l the lJonditions that, throughout the structurej
the product 9.. n and the (luotient llliq mus·t be constant.

'1'h0 fact that tho scaling fnctor q (np)licd to dimensions in
\/l"J.ch thore is 0. component of hent flow) InO,)" be variable tlu'Ol.l8hout Do

utl'tlcture only has physicol uignif'icilncc WilGntho concept if.l confined
tn one dimcl1E.ion.



if a otnndard timc-tcffirernture curve is us ed thetit;)e
factor be raised to t :1; p\~H()r O'3, I

if 'water be pr-esent in a J:3t:':'JJ·~tl1'::-'; ~.ha qn:;,ntii:y l'."<l1st bear :;l.

apcci.fLed ratio to the thcr;~:l::' c~:r-D.c:ty 0;: t he cor. Ldilin,'l:
material,

if the s tructure be 11 ":.J.:' or a f'Locr , tho/rr-tio of the
dimensionnlpnd lb::,--;n~·. :.,r":lll,'~i,,.;t:J zc:J.:'fng factors (q/m)

, mu:.i: be uni.ty, \';';:1,; ;:':,::', ~'.; c'~::")Jl ,~::.,c ""j:~).t:~\:::l it' large
cnviticn exist j.:1",c0·:: ~::";:·'.\'~:~lli·Fl.

'I)

2)

2~ !~:CGuire ,.},. H., :;f~.~·1.=' ::;CL:..l.ii.;l,I.; (fil tl.lm;:?nsions in h~ai; conl'uc'J.;iori
probl~~'l!J". .Toint [wsell:tch Organization :\ n. Fate
rio. 911-/;9511-.

4)

5)

1, McCuire, J. H., "~'he sl:al;;'ng O~' dimensions in B.S. h76 fir~
:..-csist:mce tc:;t:J". :,joint Yirc Research Organiz<:.tion
l';'.n. iTate 110. 95/1954..
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:J.'he principles of ('or.liric: described in this note inny be
to fil'o-reaiatanoo problems providec'i:-

ifth(~rm[ll prop~rtieil o,f component rr.ntH!"ici.lu are funci.iol1tl
tenpcratw'c then for th\~ rcplc,::b,;~ In£'.tcrinls tj'w f\.ll1ctiC'~~b

be the 6.':.mtj,

!:
if composite structures 'are bef.ng ccns Ider'ed and it is desix'ed
to vary m, n tlnd q th~'OuShout the scaled version, the product;«tn end the quo t i.errt \:fJ/m must be conatant , .

j;

'rma note is en'tire1y concerned with predicUng times to r..ttain
spedJned t emoers.turiin. An mechanaca.I f'uilt..'r.c in e. fire-17esistcXlce
test'ie generally a. i\u1<~tion of tbmperature the principles described
are ulJn\Jat c1viU,ys directly D.pplicllble.

ro,
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(2)

• II .. • •• ( )

., ••• e .: (})

•.. ••• (5a)

• • . • •• (6)

If' x, _', and the product p.$ oe,:Jco.lcd by the fL'.ctors Ci, rr,
n r.: G./!.; ctivo Iy v.hilct 0 be leftunscalcrl, then the 00.1111.ticr.;'l
remo.i•• conai.s tent jj' modified nn .f'ollQ,m:-

"" :;:'~·':':~l

;1:h~ dimensions ~Y', and " do 110[; enter into the' thcrm~~~,.vroblem
r.:(\~"' be acaLed 'i:Jy 1;0.ditiond i'c.:.etors u 0,.2, V.' Such o.c\Jdbh\iould
affect the l"!;.to o!~ 1'101'l of heat per unit ar-ea \.,.1110h \loul'drel;lL'.in

but would chauve total heati'lux 1'\.•' to· ~t, ,,.. 1,\1\" F
- )'v. Ci. x.-

i

'\i
§Elt1i~~n....£ ~1D?_~;11'lE)lp~'!?1?£-;.11SJ.li.9!?!,19~9~~!?!! •.PF9E~E.l

,{
I

~·.·ht'rc the "';:i.10010 ar-e ao~'lned in AT:)P(:t1l~ix 5.
'i

Ap;?ondices to:- "The llcdin.£/of hent condue ci.on probl.ema'

'l'he flow of hone by cOTli:iuction in a or-e' ilimemsionlll problem is
governed b.\' the foll(j\lirl[; o(11,lf". til;.'ns:-

"4nd
.un

'~htls

Dren

end
:J0C

:?cnlil1lOr in f:l.~dimen::,ioE2'.L ].wit J~_ s<?nduillp!!.J?£9.Pt~\

'l'he flo\'! of heat by conductlon in f.l. t\;O d:lmensiol1Hl pr-otilem is
governed by the f'ollo\ling oquo,tions:-

and vF ( , dF ('. J ('" <' 'J{}a:' d x.. T dof o~ ~ - f s. x; d~,o~ ~\~

where the symbols are tlefined in Appendix 5.



II;,-,

.• (90)

" .... (7ri:)

",'qb)
t •• i ......- \ ..

•••••• (9u)

••••• •(.10) .

b:;;comes

Il' x and y be scaled by q, end ~ and the .product pS be
scaled by m and n rellpcotivoly, dulst e he left unacc.lcd, then
tr.0 equations rTill remdn consistent i~ Ir.odii'icdas f'01l0Wfl:-

3cnlirw :in 11 three dimensional 1'SD"; conduct i on nrobfem
_._~.- ! - ..--£ _...... ""_. --",,,~--,, ..- .. _..-

~

S:lJus time t becomes ~. t and rate 01:' f'Lo:..· 0:[' OOLtt lx:r uni ~ u.~.'t.ln.
h\..

[,11t it would change heat flux to vnllo'x or vml~!,

AP?ElmD: ~,___.__-.$-_

?he z ddrnenai.on ecce not ent ez- into t he thermal problem ,a.ndmt,y
be scaled by t'.J.1Y i'nctor v . ;"\~cl1 "'.cHon \'1oul(l not affect ,the rato of"

flow of heat pC'- unit ar-ea., ·.kjd, v.ouLd r"iain!~ (~~~<)~ ;;(S:r".)

'l'he flo\/ 0:' n::;:.:t by conduction in 1:', tlu-co di,ncml:Lonnl problem
is governed by the follmling uquautcna r-



If ):.;~. nnd z be scaf.ed 1>'J q, I\nd ~C and the product f S be
settled b~'> m and n respec.~tively I whihft e be l~~ft unscal.ed, thon
tr.t;: :lc;.\.~o.tion3 :'Ii11 remain consi~'i:·(mt ii' tnQdifir:d f',,"J foll,l:ro :-"'

•• , • '* ., (1'1a)

.. , ••• (11b)

...... (110)

roo I ....~

0,"'01 C 0" a .. '0 0. 8
_ (.~ _ ~,4- -

~O~11
:= bO. B '~ ::: bO.8 I

a u I b

0.171 0·85 0'878~ 2.66
0·12 0.183 Q·gO .~ ~ 0·9"15 ).6 2·79

I 0-14 0'207 1·0 1-00 3·8 2·'9"
, 0-16 0·230 1· 1 1·08 1/-.0 3·03

0-18 O· 25/r 1· ;:; :1.16 4·2 3·15
0'20 0-276 .I 1· .3 1'23 1/-.1~ 3'27
0'22 0·298 1·1~ ;.7,1 4' (. ~F/,j.o '"
0-25 0-330 1· 5 1.3t: 4'8 3· 5"1
0-30 0.}82 '1· 6 1·46 5-0 3.0
Q. 35' 0·432 1·7 '1'53 5'5 )'92
0'40 0'Jr81 1·8 1-60 6·0 lJ..20
0·l!.5 0-530 "1'9 1· 67 6'5 )1-'47
0'50 o- 571,- 2·0 -1·7~. 7'0 4·74
0·55 0·620 2·2 1·80 7·5 5·01

-0- 60 O'665 2.[1- 2·02 8·() 5·28
0- 65 0·708 2·6

I.
2- j 5 8'5 5~53

0-70 0-752 2-8 ,... ..~ 9·0 5'7-9~ ~ 1-_1

0·75 0- 7911- 3·0 2.}/-O 9'5 6.05
0.80 'p.837 3·2 2·511- 10-0 6-31

- , I ~____---L -------'
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Cnrtcnia.n co-cit-::linllteo

1\i\'lIC

Oomponents of' IJQr,t na~ .. tl,,~"~·:·t::!1 dt'rl)1,~~ croan, in
Lho dirccticn~l x, .1 ;\r.J ..

l'lwrm!ll cQndud'~v::'t;1'

DonlJity

S~eJ.j,n{~ fuct'.:n- r; :~_:,;1 ic(l_ i~tJ dimcn:;i ens in ~~'~ich ::::~:r.::
13 a('o;itiJ:):';L~nt cf~ l:c ~~ t .Clow
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