Approximate Analytical Solutions for the Transient
Mass Loss Rate and Piloted Ignition Time of a
Radiatively Heated Solid in the High Heat Flux Limit

CHRIS LAUTENBERGER and CARLOS FERNANDEZ-PELLO
Department of Mechanical Engineering

University of California, Berkeley

Berkeley, CA 94720

ABSTRACT

An approximate closed form solution is developed for the mass loss rate of a semi-
infinite solid irradiated by a constant net heat flux. The solution is valid at high heat flux
levels where surface losses and the endothermic heat sink due to pyrolysis are small in
comparison to the applied heat flux. The expression obtained for the mass loss rate is
used to develop an explicit closed form relation for the time to piloted ignition using a
critical mass flux as the ignition criterion. The resultant formula is identical to that
obtained from the classical thermal ignition theory, with the important difference that the
surface temperature at ignition is not constant. Rather, it increases with applied heat flux,
mass flux at ignition, and activation temperature, and decreases with increasing density,
pre-exponential factor, and thermal conductivity. The model predictions are compared to
recent high-heat flux ignition measurements for PMMA.
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NOMENCLATURE
a constant in Eq. 9 (7.14) Z  pre-exponential factor (s%)
A constant in Eq. 10 (see Eg. 11)
b constant in Eqg. 9 (1.32) Greek
B congtantin Eq. 10 (seeEq. 11) o  thermal diffusivity (m?/s)
C specific heat (kJ/kg-K) ) thermal penetration depth (m)
C constant - see Eq. 21 p  density (kg/m®)
AH,  heat of vaporization (Jkg) Y7 constant - see Eq. 21
k thermal conductivity (W/m-K) v constant - see Eq. 21
{ characteristic length (m) & x16
L sampl e thickness (m) A function - see EQ. 16
m”  pyrolysisrate (kg/m>s)
M5 pyrolysisrate (kg/m?-) Subscripts
Ge  heat flux (W/mP) 0  Ambient
t time (s) a Activation
T temperature (K) ig Ignition
X distance into solid (m) r Reference

INTRODUCTION

The classical thermal theory of piloted ignition suggests that the inverse square root of
ignition time plotted against the applied heat flux should give a straight line. Indeed,
ignition times measured experimentally do show the expected linear correlation at
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moderate heat flux levels (< ~75 kW/m?). However, Beaulieu et al. [1] recently reported
measurements made with the FM Global Advanced Flammability Measurements
Apparatus (AFM) at applied heat fluxes up to 200 kW/m? that show an unexpected
nonlinear trend at high heat flux levels. The observed ignition time is longer at high heat
fluxes than would be expected by extrapolating ignition time data obtained at moderate
heat flux levels. A similar trend is aso apparent in some older measurements at high heat
flux levels [2]. To the authors knowledge, these observations have not yet been
conclusively explained.

Although most fire-level heat fluxes are lower than 75 kW/m? with the notable
exceptions of post-flashover burning [3] and some cases of direct flame impingement [4],
there are several situations of practical interest where applied heat flux levels may be
greater than 75 kW/m?. Starting in the 1950's, the ignition of cellulosic materials heated
by intense short duration thermal radiation characteristic of thermonuclear detonations
was studied extensively, as recently summarized by Martin [5]. Perhaps more relevant to
today’ sworld, short-duration/high intensity radiant exposures may occur during electrical
arcing, gaseous deflagrations, boiling liquid expanding vapor explosions (BLEVES),
hydrocarbon spray fires, and high velocity gaseous jet fires. High heat flux exposures
may also occur by conductive or convective heat transfer, as in the case of ignition by
molten metals (e.g., produced during electrical arcing/welding), brand spotting, etc.

In order to develop physically correct ignition models, it is important to understand the
reasons that the classical thermal ignition theory under-predicts the ignition time at high-
heat flux levels. With this theory, ignition is assumed to occur when the surface
temperature reaches a constant “ignition temperature.” However, experimental
measurements show that the surface temperature at ignition depends on the applied heat
flux level, generally increasing with applied heat flux for polymers [6,7,8]. A more
physically correct ignition criterion should include the pyrolysate mass flux since piloted
ignition is a gas phase phenomenon. For this reason, another ignition criterion that has
been considered is attainment of a critical mass flux rate that is sufficient to generate a
combustible mixturein the vicinity of the igniter [9,10,11].

It has been argued on phenomenological grounds that as the applied heat flux increases,
the pyrolysis reaction is increasingly confined to a thin layer near the surface. This layer
must be raised to a higher temperature to achieve the critical mass flux for ignition than at
lower heat flux levels where the thermal wave penetrates deeper into the solid, involving
alarger volume in the pyrolysis process [ 7]. The finite depth over which pyrolysis occurs
causes increasingly higher surface temperatures at ignition. Therefore, as the heat flux
level is increased, the thermal penetration depth has an increasingly important role in
determining the total pyrolysis rate, and may become the controlling mechanism at very
high heat flux levels. The purpose of this paper is to determine whether this phenomenon
can explain the unexpectedly long ignition times observed at high heat flux levels [1].
Rather than resorting to numerical solution of the governing equations, a simplified
closed form model that includes in-depth pyrolysis is developed to provide insight into
the underlying physics.

GOVERNING EQUATIONS

In this analysis, ignition is assumed to occur when a critical mass flux rate is attained; the
gas-phase induction time is inherently assumed invariant and small compared to the
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thermal time. The thermal response of the constant-property solid is governed by the one-
dimensional heat conduction equation with internal heat sink (due to pyrolysis):
2
pCBT(x,t) e T()2<,t)
ot oX

The second term on the RHS is attributed to endothermic pyrolysis, which is modeled as
an irreversible Arrhenius decomposition reaction:

— AH i"(x,t) (1)

i (1) = 7 exp{— T(T;’t)} @

where Z is the pre-exponential factor and T, is the activation temperature, equal to the

activation energy divided by the universal gas constant. The pyrolysis rate per unit
surface areais found by evaluating the integral:

riﬁ(t)=J|:m”’(x,t)dx= ijexp{— %}dx ©)

where L is the thickness of the solid and x = O corresponds to the exposed face. The
transient mass loss rate can be found by solving Egs. 1-3 subject to appropriate initial and
boundary conditions which depend on the heating mode and geometrical configuration
(see eg., Ref. [10]). In general, numerical integration is required due to the nonlinearity
of the pyrolysis heat sink and radiative surface losses.

APPROXIMATE SOLUTION-PYROLYSISRATE

In this paper, we seek to develop a closed form approximation to Eq. 3 that can be used to
estimate the transient pyrolysis rate, and subsegquently used to predict the ignition time
using a critical mass flux as the ignition criterion. The approximate solution is made
possible by:

1) assuming semi-infinite behavior (thermally thick solid, L — o),

2) assuming the applied (external) heat flux is invariant and approximating the absorbed
net heat flux as constant by neglecting surface heat losses,

3) assuming the solid isinert (negligible heat of vaporization),

4) fitting the analytic (exact) temperature profile obtained under approximations 1-3 with
asimplified expression, and

5) replacing the Arrhenius pyrolysis rate (Eg. 2) with a power-law dependence.
Approximations 2 and 3 are justified at high heat flux levels when one considers that the
total losses attributed to convection, reradiation, and endothermic pyrolysis at the ignition
point are approximately equal to the “critical heat flux for ignition,” of order 15 kW/m?
for common polymeric and cellulosic materials. Thus, at an applied heat flux of

150 kW/m? the net heat flux decreases by ~10% prior to ignition. The validity of
Approximations 4 and 5 will be demonstrated below.

The solution to Eq. 1 under Approximations 1-3 aboveis:
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In Eq. 4, ¢ isthe therma penetration depth, defined as:

8 =4t (5)
After introducing the dimensionless distance & = x/& , Eq. 4 becomes:

T-To _ exp(—fz)_ ¢ 6
| 2o et ®

It can now be seen from Eq. 6 that the temperature profile is invariant with time when
presented as a function of distance into the solid normalized by the thermal penetration
depth. The entire temperature profile is “stretched” by 4, i.e., it grows proportional to the
square root of time. The pyrolysis rate per unit surface area can be calculated from Eqg. 3:

g = pi?T exp[— TT—a]df = pZéj exp(— TT—ajdé )

where the independent variable has been changed from x to & The upper limit of
integration can be changed from « to 1 because prior to ignition, the pyrolysis occurs at
depths smaller than the thermal penetration depth.

Substituting Eq. 6 into Eqg. 7, the following expression for the pyrolysis rate is obtained:

w . . ®
ps !exp T0+52':{e)qi§:§2)—59ff0(§):l

The integral on the RHS cannot be evaluated analytically. A closed form solution can be
obtained by invoking Approximations 4 and 5 above. First, the temperature profile is
approximated as:

[ expl-£?) - /K 9
TO+ K { \/; dferfc(f):i TO+\/;+afb ()

The constants a = 7.14, and b = 1.32 were found to give a good approximation to the
exact profile for 0 < & < 0.4, the region with the largest contribution to the pyrolysis rate.

The approximation (exp(— 52)/\/;—5 erfc(é) = (\/;+ afb)fl) isshown in Fig. 1.
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Fig. 1. Approximation to temperature profile.

The final approximation involves replacing the Arrhenius pyrolysis rate with a power law
function:

B
T AT
o %)47]
where T, is a reference temperature (taken here as equal to the initial temperature, Ty =
300 K). Alternatively, a Taylor series could also be used, but the power law form is
selected here to avoid summing over multiple terms. The constants A and B depend on
the activation temperature of the materia under consideration. The functional form of A
and B found to minimize the error in Eqg. 10 over the temperature range 250°C < T <
450°C are:

A=exp(-T,/T,) ; T,=357K (11a)
B=T,/T, ; T,=~615K (11b)

This temperature range was selected because the surface temperature at piloted ignition is
generaly between 250°C and 450°C. The Arrhenius function and its power-law
approximation (Eg. 10) are shown in Fig. 2 for activation temperatures ranging from
10,000 K (83 kJ/mol) to 30,000 K (250 kJ/moal).
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Fig. 2. Power law approximation to Arrhenius function. Individual
points are Arrhenius function and solid lines are power
law approximation. See Egs. 10-11.

After substituting Eq. 9 and Eq. 10 into Eq. 8 (or equivalently, Egs. 6, 9, and 10 into
Eqg. 7), the pyrolysis rate can be calculated from the integral:

1 B
my _ A e /K
=— || Tg+——"—1 d 12
pZS TOBl;[O Jr +ag® ¢ (12
The exact solutionto Eq. 12 is:
B
114 o‘/zJ
=|1+—| f(d/¢ 13
/m( L] w10 (13)

where ¢ =KT,/qz isacharacteristic length scale related to the thickness of the layer with
high temperature gradients and f,(5/¢) is Appell’s F; hypergeometric function [12]:

1 1 a a
f,(5/0)=F|=,B,-B1+=,———,————— 14
i071) 1(10 b’ Jr J;ﬂw] (4
It is useful to multiply both sides of Eq. 13 by &/¢, giving:

B
I SIY 5. (8
=l1+5=| == 15
PAZ! [ Jr ) ¢ e 1)

Since B is generally > 15, the first term on the RHS of Eq. 15 (in parentheses) dominates
the pyrolysis rate if (5/¢)f,(5/¢) is not a steep function of &/¢ . It was found that for

d/¢ > 1, thefirst term on the RHS of Eq. 15 is at least four orders of magnitude greater
than (5/¢)f,(6/¢), and that the function (5/¢)f,(5/¢) can be approximated by asimple

linear function A:
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d) o,.(d) 1000 26 o
A=|==f = =+ — = 16
(f} / 1([} T4 T (19
Figure 3 shows the variation of (5/¢)f,(6/¢) with §/¢ for several values of T, as well

as the approximation A given in Eqg. 16. Appell’s F; hypergeometric function was
evaluated with a numerical code by Colavecchia[12].

Fig. 3. Variation of (8/¢)f,(6/¢) with §/¢ for several values of T,. Solid lines
are exact function and individual points are the linear approximation (Eg. 16).

It can be seen that Eq. 16 is a good fit to (5/¢)f,(5/¢) only for 6/¢ > 1 (except at

higher activation temperatures where it is a good fit for 6/¢ > ~0.5). However, this
should have aminor effect on the calculated pyrolysis rate because the power law termin
Eqg. 15 is dominant. Additionally, /¢ < 1 generally corresponds to the inert heating
regime where the pyrolysisrate is negligible.

Thefinal form of the approximate expression for the transient pyrolysisrateis:

Ta

T, 510\

g, = pZ(A exp[——aj[h —J (17
W

where § =+4ot , (=KT,/qe , Ty and T, are given in Eq. 11, and the function A is given

by Eg. 16. A spreadsheet implementation of Eg. 17 can used to estimate the transient
mass |oss rate in the high heat flux limit as a function of the relevant parameters. The
independent variable §/¢ in Eq. 17 isthe square root of dimensionless time:

2
és il where tc=kpCT§ (18)
o\t 4de

Here, t. is associated with the time required for the surface temperature to reach a certain
value. Figure 4 gives a comparison of the pyrolysis rate predicted by Eq. 17 aswell asthe
“exact” solution (Eg. 15) and the numerical solution to Egs. 1-3 with no heat losses and
AH, = 0. It can be seen from Fig. 4 that both Eq. 15 and Eqg. 17 match the numerical
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solution very well. The properties used in the calculation are identical to those used by
Staggs [13] for black PMMA, namely: k = 0.22 W/m K, p = 1190 kg/m?, ¢ = 1420 Jkg-
K, Z=1.0226 x 10° s*, and T, = 11,670 K. The calculations were performed for heat flux
levels of 150 kW/m?* and 200 KW/m?.

50 ¢

45 + Exact-Eq.15
E « Approximate - Eq. 17
— Numerical solution

g ; ;
230 200 kW/m?] 150 kW/m?

0.0 £ ; f L L L L { L L L L {
0.0 0.5 10 15 20 25
Time(s)

Fig. 4. Comparison of approximate solutions and numerical
solution for transient pyrolysis rate.

APPROXIMATE SOLUTION-TIME TO PILOTED IGNITION

Although Eq. 17 can be solved iteratively (implicitly) for tig, an explicit expression for the
time to ignition can be derived from Eq. 17 if the function A is replaced with a constant
C. The value of 6/¢ at which C is evaluated (see Fig. 3) is not crucial when using a
critical mass flux as the ignition criterion since the power law term in Eg. 17 dominates
the pyrolysis rate. In order to obtain an explicit expression for the ignition time based on
attainment of a critical mass flux, the classical thermal ignition theory based on a
constant ignition temperature is used to estimate the value of §/¢ at which C should be
evaluated:

Ty - T,
Vo =GR (19)

After substituting Eqg. 19 into the definition of iy /¢ :

é‘ig — V4atig — qzl'(\-/ra %kpc T'gq_”TO :\/;(Tig _TO) (20)
0 e

0 KT/ T

we see that d /¢ is approximately 2 by evaluating the rightmost term in Eq. 20 with

typical values of T, (300°C - 400°C). The following expression was found to give a good
fitto (6/¢)f,(5/¢) evaluatedat 5/¢ = 2:
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é‘ig v
C--A7 =ulTy ; u=3413; v=0.85 (21)

After replacing the function A by the constant C and substituting 6 = 8,4 and 1y = rifg,
Eqg. 17 simplifiesto:

Ta Ta
S VAT DIVATA
My = pﬂA(%J exp(— _Tr—a](u 5; J ~ pZIC exp[— %J(u IQTJ (22)
1 1

Eq. 22 can be solved for 6 / £ :

o _ /7 it - 3
‘ Cpexp(-T,/T,)Z¢

Substituting &y = [4at;, and ¢ = KT, /45 into Eq. 23, and solving for [t :

e T, /T,
v TO qemg
. =,/— 'k -1 24
9 4kp°qg [(Cpexp(—Ta/Tl)ZkToJ J 24)

Eq. 24 can be rewritten as:

[z, Tg-T
\/EZ kacho (25)
e

where

TV To /T,
Ty =Ty ot e (26)
kouZTo exp(=T,/T,)

Note that Eq. 25 is identical to the expression obtained from the thermal ignition theory
(i.e, Eg. 19). However, the ignition temperature in Eqg. 25 is not constant, but rather
given by Eq. 26 (the values of Ty, Ty, 4, and vare given in Eq. 11 and Eq. 21).

RESULTS

Figure 5 gives a comparison of the ignition time calculated with the model developed
above and experimental data for 25 mm black PMMA tested in the FM FPA, Cone
Caorimeter, and FM AFM [1,14,15]. The same thermophysical properties used to
generate Fig. 4 are also used in Fig. 5. Although the critical mass flux for ignition is
expected to vary slightly between different fire tests, it was assumed to be 3 g/m>s,
independent of apparatus. This is consistent with the critical mass flux for ignition
measured in the Cone Calorimeter for PMMA [16].
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Fig. 5. Ignition time calculated with Eq. 17 and
Eqgs. 25-26 compared with experimental data.

In Fig. 5, the ignition time was calculated in two ways. implicitly with Eq. 17 and
explicitly with Egs. 25 and 26. Recall that the explicit solution (Egs. 25 and 26) was
obtained by replacing &i4/¢ in Eq. 16 with a constant, i.e, by eliminating the

dependency of A on &, /¢ (see Eq. 21). However, this approximation is not necessary if
Eq. 17 is solved implicitly for &,/¢. Figure 5 shows that that the ignition time

calculated with the approximate explicit method is very close to that calculated with the
implicit method. The reason for this is that the power law term in Eqg. 17 dominates the
calculated pyrolysis rate.

It can be seen from Fig. 5 that the time to ignition is underpredicted. This is expected
since surface heat losses have been neglected. However, the model does not capture the
nonlinear ignition time trends [1] discussed earlier. The reason for this is that the
exponent T, / T, is approximately 0.05. Thus, if the heat flux is doubled, the surface
temperature at ignition increases by less than 4%. Although the mass flux at ignition is
generaly reported to increase dlightly with applied heat flux, eg., Panagiotou and
Quintiere [16], this variation is probably not strong enough to explain the unexpected
nonlinear trends.

CONCLUSION

Simple approximate closed form expressions for the transient pyrolysis rate and piloted
ignition time of a semi-infinite solid have been developed. The primary weakness of the
analysis is that heat sink due to endothermic gasification and the convective/reradiative
surface losses are not considered. Nonetheless, these approximations provide
conservative estimates of the mass loss rate and ignition time at high heat flux levels.

Although the model predicts an increase in the ignition temperature with the applied heat
flux level, this variation is not strong enough to explain the unexpectedly long ignition
times observed at high heat flux levels[1]. Apparently, the simple analysis presented here
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does not account for some physics of the problem that become important at high heat flux
levels. Possible phenomenological explanations for the experimental observations
include:

1) A shift in the spectral distribution of the applied radiation toward shorter wavelengths
at high heat flux levels due to the increase in heater filament temperature in the FPA and
AFM apparatus (Wien's displacement law) resulting in reduced radiative absorptivity or
increased diathermancy; it is not clear how important this effect is since the black PMMA
samples were coated with carbon black in the AFM and FPA;

2) increasing relative importance of gas-phase transport and induction time (i.e., the time
required for sustained ignition to occur once a ‘flammable’ mixture forms in the vicinity
of the igniter) compared to solid-phase heating and pyrolysistime;

3) rapid formation of a thin gasification layer near the surface (or a change in
thermophysical properties in the thin surface layer due to temperature-dependent thermal
conductivity, specific heat, density) that reduces heat transfer to the interior of the solid;
and

4) a shift in the composition of the gasification products, perhaps attributed to increased
oxidative pyrolysis in the thin oxygen-affected layer resulting in enhanced dilution of the
flammable pyrolysate by CO and CO,, causing the critical mass flux for ignition to
increase with applied heat flux.

It may be possible to more accurately predict the observed high heat flux ignition data
with a numerical model that explicitly considers these phenomena. Item 4 may partially
explain the observed increasein critical mass flux for ignition with applied heat flux [16],
but the effect is probably too weak to explain the unexpectedly long ignition times at high
heat flux levels [1]. Additionally, it is possible that use of a single Arrhenius reaction to
describe the pyrolysis rate may not be adequate, either due to the existence of two
pyrolysis regimes [17] or an analog to the negative coefficient of reaction rate used to
explain long induction times in ignition of gaseous hydrocarbon fuels [18].
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